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Abstract:- Some bilateral basic hypergeometric functions can be expressed in the form of ratio of infinite products.
In this paper, an attempt has been made to establish the results involving two bilateral basic hypergeometric functions and ratio of infinite products.

We have also established the results involving three bilateral basic hypergeometric functions and ratio of infinite products by using suitable identities
and changing the parameters in well known results involving bilateral basic hypergeometric functions.
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1. Introduction

By using identities ,Bindu Prakash Mishra [1] established transformations involving bilateral basic
Hypergeometric Functions.

_ lag /ab,~aq /b,—q/b;q]o a,—b;q;aq/ab]
W) (e—aq/a) =G oY [—aq/b,aqz/a

lag?/a? aq?/b?, q%0q.9/2q%]ew
= a(1 - aq/ab
a(1— aq/ab) [«q/a, a/aqleo

_aq(l—a)[—anJa/ab,—l/b;q]w 7 [aq,—bq;q;a/ab]
a[—aq /ab;q]ew aq?/a,aq?/b

_ [-aq/b.aq/ab,~q/b:q]w a,—b:q:aq/ab]
(1.2) (a—aq/a) [~aq/ab,—aq?/ab;qle ¥ [—O!CI/b.aqz/a

_ alag?/a?,

aq?/b?, q%aq.q/a;:9%]w
[aq?/a, —aq/ab,q/a;q]w

_ aq(1-1/a)[~aq®/b,~aq/a,~q/b,~1/biq]e W [—a,—bq.‘q;—aq/ab]
[aq/b1/a,aq?/a;q]e ‘ —aq?/b,—aq/a

_ _ q—ynl
(13 (a-aq/o)-aq/a—aq/b,—q*/a—q/b;qlua¥s |/ 200 e/
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_ alaq/ab;qle [@q®/a®,_aq?/b? q*aq.q/@:q” e
[ —aq/ab;q]e

—a,—bq;q;—aq /ab

wq?/b—aq Ja ] and so on.

+aql-ag?/b,~aq/a,~q/a,~1/b; q1.2%s |

Here an attempt has been made to establish the results involving two bilateral basic Hypergeometric
Functions and ratio of infinite products. We have also established the results involving three bilateral
basic Hypergeometric Functions and ratio of infinite products by using suitable identities and changing

the parameters in well known results involving bilateral basic Hypergeometric Functions.

2. Notation

Consider |g| < 1, where q is non-zero complex number, this condition ensures all the infinite products
that we use will converge. We will use the notation,

(21) [a; q]n — {1(1;_ Cl)(]_ - CYCI) ......... (1 — aqn—l); 7:1 z (())’

22) [a;qle = [I7=o(1 —aq"),

) _ (_)nqn(n+1)/2
(23) [ap q]_n - an [i‘ q]n 1

a

(24) [z1,Z2, e v e v e Zns Qoo =121 Qoo 225 Qoo wv voe vee o [Z05 @ 0y

25) [22q;9%]w = [2 qle

Following the above notation, we define

KD R gz [a1,a2,a3 o ar;qlnZ™
(26)  po| "t ] =y 2

Max(lq|,|z|] < 1).where

Also, we define the Basic Bilateral Hypergeometric Function

a1,a2 eenene ar;q;z| _ voo lajaz....ar;qlnz"
i Ep

where for convergence |by, by, ... ... ... b./ay,a, ... .. a| <z<l1.
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We shall make use of the following known results

[az, d/a, c/b,dq/abz;q]w a,abz /d ;q;d/a
P, /d;q;d/

a, b; q; z |—
(2.8) ZTZ[ d ]_ [z, d, q/b, cd/abz; qle az.c

c,

[Gasper-Rahman 1; (5.20 (i) p. 137]

] _ [az,bz,cq /abz,dq /abz ;q]ew P, [abz/c, abz /d ;q;cd/abz]

a, b; q; z
(2.9) 2‘1’2[ o d [q/a, q/b, ¢, d; qleo az, bz

[Gasper-Rahman 1; (5.20 (ii) p. 137]

[aq /ab;qle [aq?/a?,aq?/b% 4%, aq, q/a; 4%]e
[aq/a,aq/b,q/a,q/b,— aq/ab; qle

» by g;—aq/ab | _
(2.10) ¥, [ A ]_
[Gasper-Rahman 1;App.11 (11.30 p. 239]

3. Main Result

a(l-a) [a/a®, a/b?, q% aqq/a; q* e

3.1) _ [-a/bq, a/ab—q*/b; qle v [a, —a/q?; q; a/ab]
) ag(1-a/aq) [@/a, 1/a; qle [~a/ab; qle 2 —a/bq, a/aq
__ @ [-a/b, a/ab—q/b; q] a—b; q;a/ab
bq [—a/ab; qlo Z‘PZ [ —a/b, a/aq ]
(3.2) a [a/abg;qle [ a/a® a/b? q?, aq, q/a; 4%l
g1 [a/a, q/a —a/abq; qlo

aq

— [-a/bq, a/aba/abq, —q?/b; qlc [a,—b/q; q; a/ab ]
[-a/abq, —a/ab; q]c 2 —a/bq, aj/aq

_a[-a/b, —a/a—1/a,—q/b; q]« ¥ [—aq,—b; q; —a/abq ]
bq lq/a, a/aq; qle 2X2] —a/p, —a/a

) a [a/abg;q)e [@/a®, a/b?, q*—a/q.q/a; q* 1o
q(a/aq—1) [a¢/a,—a/abq; q]«

(3.3

[-a/bq, —a/aq, —q/a,—q*/b; qle v [—a,—b/q; a —a/ab]
[a/ag; qlo z —a/bq, —a/aq

_a[-a/b —aja—1/a—q/b qlo [—aq,—b/q: —a/abq]
bq [a/aq; qle : —a/b, —a/a

a(l-a) [a/abq;qle. [a/a® a/b%, q%, aq, q/a;q° e
aq(l-a/aq) [a/a, 1/a,—a/abq; q)ex

(3.4)

_ [-a/bq, —a/aq—q/a, —q*/b; qle v [—a, ~b/q; q; —a/ab]
[a/a, a/ag; qle 2 —a/bq— a/aq
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_ @a [-a/b, a/ab, a/abq, —q/b; q]« [a,—b; q a/ab]
bq [-a/ab,—a/abgq; q]o 2 —a/b, a/aq

[aq/ab;qle [aq?/a%,aq? /b%q% aq.q/a:9*] _[—-aq/baq?/ab,aq?/ab—q*/bql. ., [¢-b/aaad® ab]
[aq?/a, q/a—aq/ab;q]c. [—aq/ab,—aq3/ab; q]« 22| —aq/baq?/a

(3.5)

__aq(a+b) [-aq?/b,aq?/ab,aq?/ab,—q/b;qc P [a,— b; q; aqz/ab]
ab [-aq?/ab,—aq?/ab;q) 27| —aq?/b, aq®/a

+2*4* [—aq®/baq’/abaq?/ab—1/bq) [a.—bq; q:aqz/ab]
ab [-aq3/ab,—aq/ab; q], c —-aq3/b, aq?/a

[aq/ab;qle [aq?/a?,aq? /b%.q% aq,q/a:9%] _ [-aq/a—aq/b—q%/a—q?/b;qle -a/q, —b/q;q;—aq?/ ab
= > )

(36) [—aq/ab;qle —aq/b—-aq/a

(a+b) —a,—b;q; —aq?/ab
~ D —aq?/b,—aq?/a, —q/a, —q/b;ql.o ¥, |4 E 00|
a’q? 3 3 . —aq,— bq; q;—aq/ab
+5L [—ag?/b,—aq®/a,~1/a,~1/b; ql¥, | 50 @ ai/ab |

aq/ab;ql. [aq®/a®aq®/b?q% aq,q/a:q*]. _ [—aq/baq?/abaq®/ab—q>/b;q]. v [a,—b/q:q:aqz/ ab]
[@q?/a, q/a, —aq/ab;q]e [~aq/ab,—aq3/ab; q]c : —aq/baq*/a

3.7) |

_ aq(a+b) [-aq®/baq?/ab, aq®/ab—q/bq]e [a,—b;q; aq?/ab ]
ab [—aq?/ab,—a q2 /ab;q]w —-aq?/b,aq?/a

a’q? [-aq®/b—aq®/a,—1/a,—1/b; q]c Wy [—aq,—bq; q; —aq/ab]
ab [a/a, aq?/a;qle —aq3/b—aq3/a

+

qlw [aq?/a?,aq? /b?,q% aq,q/29%). _ [—aq/b—aq/a—q?*/a,—q*/b;q)c v, [-/a-b/ga-aq®/ ab
2 X2 —aq/b—aq/a

[aq/ab;
3.8
(3.8) [aq?/a, q/a, —aq/ab;q]e l[a/a.aq?/a; q)o

__aq(a+b) [-aq®/baq*/ab, aq®/ab;—q/b;qle [a.—b:q; aq?/ab ]
ab [~aq?/ab,—a q2/ab;q]w —aq?/b, aq?/a

a’q® [—aq®/baq*/ab,aq*/ab—1/b; ql« [a,— bq; q; aqz/ab]
ab [—aq3/ab, —aq/ab; qle —-aq3/b, aq?/a

+

4l [aq?/a*.aq?/b% 4* @9.4/%q%|__ [~aq/baq’/abaq’/ab—q*/biqle [a,—b/q;q;aqz/ ab]
[~aq/ab,~aq?/ab; q]. —aq/baq®/a

[aq/ab;
3.9
(3.9) [ag?/a, q/a, —aq/ab;q]e

_aq(a+b) [—aqz/b,—aqz/a, —q/a, —q/b;qlw N [—a,—b; q;—aqz/ab]
ab l[9/aa q?/a;q)o ~aq?/b~aq?/a

a’q? [—aq®/baq?/ab aq?/ab,—1/b; qlo, [a,— bq?; q; an/ab]
2

+ ab [—aq3/ab, —aq/ab;qle —aq3/b, aq?/a

[aq/ab;q]- [aq*/a*aq®/b* 4* aq.q/2q*]» _ [—aq/b—aq/a,—q*/a,—q*/b;q]e -a/q,—b/q;q;—aq3/ ab
> &)

(3.10) [@q?/a, q/a, —aq/ab;q]e B [9/a.aq?/a; q] —aq/b-aq/a
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__aq(a+b) [-aq?*/baq*/ab,aq®/ab,—q/bq)e [a,—b; q;aq?/ab ]
ab [-aq?/ab,—a q2/ab;q]« 2 |—aq?/b,aq?/a

+

a’q® [—aq’/b—aq®/a,~1/a—1/b; ql» v [—aq,—bq; q; —aq/ab]
ab [4/a.aq?/a; gl 2721 —aq¥/b, —aq’/a

(3.11) [xq/abiq] [aq®/a*,aq®/b%q% aq.q/2q) _ [-aq/b-aq/a—-q"/a-q*/biq)e v [—a/q,—b/q;q;—aq?’/ ab]
' [@q?/a, q/a, —aq/ab;q]e [q/a.aq?/a; q]o 2tz —aq/b—aq/a

_ aq(a+b) [-aq®/b~aq?/a,~q/a,—q/b;q). ) [—a,—b: q;—aqz/ab]
ab [q/a.aq?/a;q)w —-aq?/b—aq?/a

a%q? [- aq3/b,aq?/ab ,aq?/ab,—1/b; qlo ) [a,—bq;q;aq/ab]
2

+ ab [ —aq3/ab,—aq/ab; q)« —aq3/b,aq?/a

(3.12) [xq/ab;q) [xq®/a*,aq?/b? q* @q.q/aq%). _ [~aq/baq?/abaq’/ab—q*/bq)x [a.—b/q;q;aqz/ ab]
' [aq®/a,aq?/b, q/a, —aq/ab;q)e [-aq/ab—aq®/ab; q)« 2721 -aq/baq?/a

__aq(a+b) [-aq?®/b—aq*/a,—q/a,—q/b;q]« P, [—a,—b: q;—aqz/ab]
ab [q9/a,aq%/a,aq?/b;q]e —aq?/b~aq?/a

_|_

a’q? [—aq®/b—aq®/a,~1/a,~1/b; qle [—aq,— bq; q; —aq/ab]
ab [a/a.aq?/a,aq?/b; q]e ° —aq®/b, —aq3/a

4. Proof

To establish main results (3.1) to (3.4), consider a suitable identity

(1 _ a)(l _ b) — (1—a—b+ab) _ (1—a—b+ab) dq"

1-dq™ (1-dq™)
(4.1) z(1-a)(1-b) _ z(1-a)(1-b) _ z(1-a)(1-b)dq"
' (1-c) (1-0)(1-dq™) (1-0)(1-dq™)
PR (@n(bDn _n ; ;
Multiplying by “Ccna@, 2 both side of (4.1) and summing over from -co tooo , we get
z(1-a)(1-b) aq, bq; q; z| _ a b qz]|__d a, b; q; zq
(42) (1—c)_ 2‘1’2 [ cq, d, ] —2‘1’2 [ ¢, d: ] q 2‘1’2 [ ¢ d: ]

Again from (2.10)

Replacing a by,aq, b by bq in (2.10), we get

aq, bq; q;—ajabq| _ |a/abg; qlo [a/a®a/b?q* aq,q/a;:q%]e
(4.3) 2T2[ a/a, a/b; ] ~ “la/a, a/b, 1/a, 1/b, — a/abq; qle

Now, by transforming each ,¥, on right side of (4.2) with the help of (2.8),we get

z(1-a)(1-b) [aq, bq; q; z] _ lazd/a, c/bdq/abz;q]- [a,abz/d; q;d/a]
(4.4) (1-¢) 2o | g e | T [zd,q/b, cd/abzqle ¥ az, ¢
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d [azq.d/a.c/bd/abz;q]- ¥ [a, abzq/d; q; d/a]
q |[zqd.q/b,cd/abzq;q]o azq, c,

Further replacing z by — a/abq, ¢ by a/aq,and d by a/b in (4.4)

(—a/abq)(1—a)(1-b) Wy [aq, bq; q; —a/abq] [-a/bq, a/ab,a/abq,—q*/b; qle ¥ [a —a/q%; q; a/ab]
(1-a/aq) a/a, a/b; [-a/abq, a/b,q/b—a/ab; qle —a/bq, a/agq;

__ @ [-a/b, a/aba/abq,—q/b; gl W, [a —b; q;a/ab]

bq [-a/ab, a/bq/b—a/ab; qle a/b, a/aq
( )w [aq bq; gq; —a/abq] [-a/bq, a/ab,a/abq,—q*/b; qle [a, -a/q%; q; a/ab]
abq(a/aqg—1) 2 a/a, a/b [~a/abq, a/b,q/b—a/ab; qle -a/bq, ajaq

@ [-a/b, a/aba/abq,—q/b; q]e [a,—b; q a/ab]
bq [-a/ab, a/bq/b—a/abq; qlo° 2| —a/b, ajaq

By using (4.3) in L.H.S. of (4.5), we get

(4.6) a(1-a) [a/a® a/b’ q* aqq/®:q”]. _ [-a/bq. a/ab—q*/b; qle P [a, —a/q?; q; a/ab]
aq(1-a/aq) [a/a, 1/a; qle [~a/ab; qle —a/bq, a/aq

__ a [-a/b, a/ab,—q/b; q] v, [a —b; q;oc/ab]
bq [~a/ab; qle z a/b, ajaq

This is our main result (3.1)

Now, transforming Ist ,'¥, with the help of (2.8) and 11" ¥, with the help of (2.9) in R.H.S. of
(4.2)

z(1— a) (1-b) [aq, bq;q;z] _ laz, d/a, c/b, dq/abz; q]c [a, abz/d; q; qd/a]
(4.7) —c) cq d 1~ [z d, q/b, cd/abz; qlo ¥ az, c

__d[azq, bzq, c/abz, d/abz;q]e Wy [abzq/c, abzq/d; q; cd/abzq]
a  la/a a/b < d, qls 2 azq, bzq

Taking z = —a/abq,c = a/aq,& d = a/b in (4.7)

(4.8) abq —91-b) [aq, bq; q; —a/abq ] _ [za/bg, a/ab,a/abq,~q*/b; q)o [a,—b/q; q; a/ab ]
(1-a/aq) 272 a/a, a/b [—a/abq, a/bq/b—a/ab;qle ° —a/bq, a/aq

a [-a/b, —a/a,—1/a,—q/b; q]w W, [ aq,—b; q; —a/abq]
" bq [a/a, q/b, ajaq a/b; qle —a/b, —aja

By using (4.3) in LHS of (4.8), we get

. 2 2 2 . 2
(4.9) a  [a/abqqle [ a/a” a/b”, q°, aq, q/a; q°]w

q(>-—1) [a/a, q/a —a/abg; qle

aq

— [_a/bq' a/ab,a/abq, _qz/b; q]oo I:a,—b/q; q; a/ab ]
[-a/abq, —a/ab; qle z —a/bq, ajaq
_ o a/b —aja—ljaza/b dle [—aq,—b; q; —a/abq ]
bq lq/a, a/aq; qle z —a/b, —a/a
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This is our main result (3.2)

Now transforming each ,%¥, on right side of (4.2) with the help of (2.9)

z(1—a) (1-b) aq, bq;q;z | _ [az, bz, cq/abz, dq/abz;q]es abz/c; abz/d; q;cd/abz
(4.10) (1—c) TZ[ cq, d; ] B la/a, a/b, cd; qlo ZTZ[ az, bz ]

__dlazq, bzq, c/abz, d/abz;q]- Wy [abzq/c, abzq/d; q; cd/abzq]
a  l4/a a/b cd qlo  ° ° azq, bzq

Taking z = —a/abq,c = a/aq,& d = a/b in (4.10) on both side

—~(1-a)-(1-b)
20D |

(4.11) abq e aq, bq; q; —a/abq ]

a/a, a/b

_ [-a/bq, —a/aq, —q/a,—q*/b; qle v [—a,—b/q; a —a/ab]

[q/a, q/ba/aq, a/b; qlu —a/bq, —a/aq
_ « [-a/b, —a/a—1/a,—q/b; q]» [—aq,—b; q; —a/abq ]
bq [a/a, q/b, a/aq a/b; qle ° —a/b, —a/a

By using (4.3) in L.H.S. of (4.11)

(4.12) a [a/abq;q) [a/a?, a/b?, q*—a/q.q/a q* e
T q(a/aq-1) [a/a— a/abgq; q]e

_ [-a/ba, —a/aq, —q/a.-q*/b; 4l v [—a,—b/q: q; —a/ab]
[a/aq; q)eo 2 —a/bq, —a/aq

__ a [-a/b, —a/a—1/a,—q/b; gl Wy [—aq,—b/q; —a/abq]
bq [a/aq; q]w 2 —a/b, —aj/a

This is our main result (3.3)

Now transforming the I* ;¥%, with the help of (2.9) and 11"* ;%, with the help of (2.8) in R.H.S. of
(4.2), we get

z(1-a) (1-b) aq, bq;q;z | _ [az, bz, cq/abz, dq/abz;qls abz/c; abz/d; q;cd/abz
(4.13) Zoab i | = -, :
(1-0) q & la/a q/b, ¢d; qlo az, bz
__dlazq, d/a, ¢/b, d/abz;q]e v [a, abzq/d; gq; d/a]
q [zq, d, q/b; cd/abzq; qlo 2 k2 azq, c

Taking z = —a/abq, c = a/aq,&d = a/b in (4.13)

(—a/abq)(1-a)(1-b) aq, bq; q; —a/abq
(4.14) (1-a/aq) W2 [ aja, a/b; ]
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_ [-a/ba, —aj/aq, —q/a-4*/b; qlw v [—a,—b/Q: a —a/ab]
la/a, q/ba/aq, a/b; qle —a/bq, —a/aq

_ a [-a/b, a/aba/abq,—q/b; q] [a,—b; q; a/ab ]
bq [-a/ab, a/b, q/b,—a/abq; qle° —a/b, a/aq;

Now by using (4.3) in RHS of (4.14)

(4.15) a(l1-a) [a/abgqlw [a/a® a/b? q° aq, q/%;q* ]
' aq(1-a/aq) [@/a, 1/a—~a/abg; q]c

_ [ca/ba,_—a/aq—q/a, —4*/b; Gl [—a, -b/q; q; —a/ab]
[4/a, a/ag; ql 2 ~a/bq,~a/aq

__ @a [-a/b, _a/ab, a/abq, —q/b; q]« Wy [a,—b; q a/ab]
bq [-a/ab,—a/abq; q)w 2 —a/b, a/aq

This is our main result (3.4)
To establish main results (3.5) to (3.12), let us consider the following suitable identity.

(4.16) (A —cqV)(1—-dq™) =1-(c+d)q" + cdg*"

Multiplying by % z""1 on both sides of (4.6) we get
Cd (@n+1(B)nt1 2yn+1

n+1
CDHE O @

(a)n+1(b)n+1 Z+1 — (a)n+1(b)n+1 Zn+1 _ <C + d) (a)n+1(b)n+1
(C)n(d)n (C)n+1(d)n+1 q (C)n+1(d)n+1

By summing the above over m from—ooto oo , we have

c (@) m(D)m @mB)m C+d> ' (@m(B)m

d
(1-2)(-3) 2 D@ Dm " Ls ©n@Dn - L ©m( @ D"

L6 N @bz
E i ©Onm

m=—

4.17)  (1-c/q)(1-d/q) ¥, [‘g/f;j g;qz] =, [a' b g:z] _c+d [a b g zq] +< o, [a b @ o ]

Now by transforming each ,¥; on right side of (4.17) with the help of (2.8)

. . a, b; q; z|_ laz, d/a, c/bdq/abz;q] a, abz/d; q;d/a
(418) (A -c/@QA-d/q)2Y: [ c/q, d/q ]_ [z, d, q/b, cd/abz; ql., ZTZ[ az ¢ ]

_ (ﬂ) [azq, d/a, c/b,d/abz;q]c Wy [a, abzq/d; q;d/a]
q /[zq, d, q/b, cd/abzq; q]c azq,c
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cd [azq®, d/a, c/b, d/abzq;ql [a, abzq?/d; q;d/a]
q* [zq? d, q/b,cd/abzq?;qle azq?

Taking ¢ = aq®/a,d = aq?/b and z = —aq/ab in (4.18), we get

_ _ a, b; q;—aq/ab]|_ [-aq/b,_aq*/abaq®/ab,—q*/b; q]s a,—b/q; q;aq*/ab
(4.19) (1 -aq/a)(1 - aq/b) ZTZ[ aq/a, aq/b ]_ [—aq/ab, aq?/b, q/b, —aq3/ab;q ], Z‘PZ[ —aq/baq?/a ]

__aq(a+b) [- aq*/b,aq?/ab ,aq*/ab—q/b; qle [a.—b;q;aqz/ab ]
ab  [-aq?/abaq?/b q/b—aq?/ab; ql°  ‘l- aq?/baq?/a

2q2 [- aq3/b,aq?/ab ,aq?/ab,~1/b; q]e [a,— bq;q;aqz/ab]

a~q
+ ab [—aq3/ab, aq?/b, q/b,—otq/ab;q]ooZ 2 —aq3/baq?/a

By using (2.10) in L.H.S of (4.19) .

(4.20) [aq/ab;qle [aq? /a%,aq?/b% 9% aq.9/:9% ] [—auz/b,ocqz/ab,ozqz/ab.—qz/b:q]ooZ [a,—b/q;q;aqzab]

[ag?/a, q/a—aq/ab;q]e. y [~aq/ab—aq?/ab; q]e —aq/b,aq’/a

aq(a+b) [-aq®/b,aq?/ab,aq? /ab—q/b;q] [a,— b; gq; aqz/ab]
- 2

ab [~aq?/ab,—aq?/ab;q] —aq?/b, aq?/a
+“Zqz [-aq?/b,aq*/ab,aq* /ab,—1/b;qlo, [a,—bq; q;aqz/ab]
ab [-aq3/ab,—aq/ab; ql. —aq3/b, aq?/a

This is our main result (3.5)

Now by transforming each ,¥, on right side of (4.17) with the help of (2.9)

a, b; q; z|_ laz, bz, cq/abz, dq/abzq] abz/c,abz/d; q;cd/abz
(421) (A—c/@A—d/q) ¥, %0 17 |= L2t ey, |abelcabeld: aid/abz |

_ (ﬂ) [azq, bzq, c/abz, d/abz;q)e Tz[abzq/c, abzq/d; q;cd/abzq]

q la/a, q/b, ¢, d; qle azq,bzq
4 l[azq®, bzq®, c/abzq, d/abzq;q]e 2.{,2[abqu/C,abzqz/d;q;cd/abzqz]
q> [g/a, q/b, ¢, d; qle azq? ,bzq?

Taking ¢ = aq?/a,d = aq?*/b, and z = —aq/ab in (4.21), we get

_ _ a, b, q —aq/ab]|_ [-aq/a, —aq/b—q*/a;—q*/b; q]o -a/q,~b/q;q; —aq>/ab
(4.22) (1 - aq/a)(1 — aq/b) ZTZ[ aq/a, aq/b ]_ [q/a, q/b, aq?/a, aq?/b;q]e ZTZ[ —-aq/b—aq/a ]
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_a(a+b)q [~ aq*/b—aq*/a — q/a,—q/b; ql» [—a.—b;q;—wq2 /ab]
ab  [q/a, q/b, aq?/aaq?/b; gl 2| — aq?/b~aq?/a

a’q* [-aq®/b—aq®/a,—1/a,~1/b; qle [—aq,— bq;q;—aq/ab]
ab  [q/a q/b, aq?/a,aq?/b;qle —aq3/b—aq3/a

By using (2.10) in L.H.S. of (4.22)

[aq/ab;qle [aq?/a,aq? /b%.q* aq,q9/a:9%) _ [-aq/a—aq/b—q%/a—q?/b;qle -a/q, —-b/q;q;—aq?/ ab
(4.23) [—aq/ab;q). - Z‘PZ[ —aq/b—aq/a ]

_ aq(a+b)

—a—ba —aa?
—— [~aq*/b,—aq*/a, —q/a, —q/b; q]ooz‘l’z[ oy —ad /“b]

—aq?/b,—aq?/a

ik —aq,—bq; q;— b
+=—- [~aq®/b,~aq*/a,~1/a,~1/b; q]...'¥: [ 0% &-ag/a ]

This is our main result (3.6).

Now by transforming 1% & 11" ,¥, with the help of (2.8) and 111" ,¥, with the help of (2.9), in right side of
(4.17), we get

(4.24) 1—-c/q)(1 —d/q) ,'¥; [a' b; g; Z]: laz, d/a, c/b, dq/abzq] P, [a, abz/d; q;d/a]

c/q. d/q [z, d, q/b, cd/abz; q]c az, c
__ctdazq, d/a, ¢/b, d/abz ;q]« [a,abzq/d; q;d/a]
q [zq d, q/b, cd/abzq; ql., ° azq, c

cd [azq?, bzq®c/abzq,d/abzq;q]. Wy [abzqz/c, abzq?/d; q;cd/abzqz]
qz [q/a: q/b’ C, d: q]oo 2 %2 azqz ,quZ

Taking c = aq*/a,d = aq?/b, and z = —aq/ab in (4.24)]

o _ 2 208 2 p. L2
(4.25) (1 - aq/a)(1 — aq/b) P> [a, b; q; aq/ab]: [[ aq/b, aq”/ab,aq”/ab,—q"/b; q ]« ¥, [a, b/q;q; aq /ab]

aq/a, aq/b —aq/ab, aq?/b, q/b, —aq3/ab; q]e —aq/b,aq?/a
__aq(a+b) [ aq®/baq*/ab aq*/ab,—q/b; . [a,—b;q;aqz/ab ]
ab [~ aq?/ab,aq?/b ,q/b—aq?/ab; q]w 2 —aq?/baq?/a
a’q? [-aq®/b—aq®/a,~1/a,~1/b; q] —aq,— bq:q;— b
q q°/b—aq’/a, , 5 qloo [ aq,— bq;q;—aq/a ]
ab  [q/a, q/b, aq?/aaq?/b;qle —-aq3/b—aq3/a

By using (2.10) in L.H.S. of (4.25)

(4.26) [aq/ab;q]o [aq?/a* aq®/b* 4% aq,q/a:94* ] _ [-aq/baq*/abaq®/ab—q*/biq]s ¥ [a,—b/Q:Q;aqz/ ab]

[@q?/a, q/a, —aq/ab;q]e - [-aq/ab,~aq3/ab; q] —aq/baq?/a
__aq(a+b) p [—aq®/b,aq*/ab, aq*/ab,—q/bqle [a,—b;q; aq?/ab ]
ab °°° [-aq?/ab,—a q2/ab;q)« 2 |—aq?/b,aq?/a
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+ a?q? [ aq?®/b,—aq®/a,—1/a,—1/b; qle Wy [—aq,— bq; q; —aq/ab]
ab [q/a, aq?®/a; qle —aq3/b—aq’/a

This is our main result (3.7)

Now by transforming 1% ,¥%, with the help of (2.9) and 11" & 111"* ,¥, with the help of (2.8), in right side
of (4.17), we get

_ a, b; q; z|_ lazbzcq/abz,dq/abz; q]« abz/c; abz/d;q;cd/abz
(4.21) A= ¢/q)(1 —d/q) ¥ [ c/q. d/q ]_ /e, a/bedal, 212 [ az, bz ]

__c+d[azq, d/a, c/b, d/abz ;q]w Wy [a,abzq/d; q;d/a]

q [zq, d, q/b, cd/abzq; q]w 2 azq, ¢
cd [azq®, d/a, c/bd/abzq; qle [a,abzqz/d; q;d/a]
% [zq? d, q/b, cd/abzq?;qle, ° azq® ¢

Taking ¢ = ag?/a,d = aq?/b, and z = —aq/ab , in (4.27) we get

_ _ —a%/a—a?/b: .- —
(4.28) (1 — aq/a)(1 — aq/b) V- [a, b; q; —aq/ab]= [-aq/b, —aq/a,—q"/a,—q*/b; q]c W, [—a/q,—b/q,q, aq3/ab]

aq/a, aq/b [q/a.q/b, aq?/a,aq?/b;q]lew —aq/b—aq/a
_ aq(a+b) [~ aq®/b,aq®/ab aq® /ab,~q/b;q]« [a,—b;q;aqz/ab ]
ab [-aq?/ab,aq?/b ,q/b,—aq?/ab; q]w 2 —aq?/b,aq?/a
4 @°4° [~ aq’/baq?/ab aq®/ab~1/b; gl [a.—bq;q;aqz/ab]
ab [-aq3/ab,aq?/b,q/b, —aq/ab; q]. 2 —aq3/baq?/a

By using (2.10) in L.H.S. of (4.28), we get

(4.29) [aq/abiq)- [2q” /a*,aq” /b%.q*aq.9/@q" ) _ [~@q/b—aq/a,—4"/a—4" /b4l [—a/q.—b/q;q;—aq3/ ab]

[aq?/a, q/a, —aq/abq]e [a/a.aq%/a; q]o - aq/b—aq/a
_ aq(a+b) [~aq®/b,aq®/ab, aq*/ab;—q/b;q]o [a,—b:q; aq®/ab ]
ab [-aq?/ab,—a q2/ab;q]w 2 —aq?/b, aq?/a

+ a’q? [-aq3/baq?/ab aq?/ab,—1/b; qlo [a,— bq; q; aqz/ab]
ab [ —aq3/ab, —aq/ab; qle 282 —aq3/b, ag?/a

This is our main result (3.8)

Now by transforming 1% & 111" ,¥, with the help of (2.8) and 11" ,¥, with the help of

(2.9), in right side of (4.17), we get

a, b; q; z|_ lazd/ac/bdq/abz; q], a,abz/d; q;d/a
(4.30) A —c/@QA —d/q)¥> [ c/a, d/q ]_ da/b, cdjabz qle T2 [ az, c ]
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_c+d[azq, bzq, c/abz, d/abz;q] v, [abzq/c; abzq/d;q;cd/abzq]

q l[g/a, q/b, ¢, d; qle azq, bzq
cd [azq®, d/a, c/bd/abzq; qle [a,abzqz/d; q;d/a]
q% [zq?%, d, q/b, cd/abzq?;qle 2 azq?

Taking c = aq*/a,d = aq*/b, & z = —aq/ab , in (4.30)

_ . a, b, q; —aq/ab|_ [—aq/b, aq®/abaq*/ab—q*/b; q]o a,—b/q;q;aq?/ab
(4.31) (1 - aq/a)(1 — aq/b) ZTZ[ aq/a, aq/b ]_ [—aq/ab,aq?/b, q/b— aq3/ab;q o ZTZ[ —aq/baq?/a ]

__aq(a+b) [- aq*/b—aq*/a,—q/a—q/bq]o , [—a.—b;q:—aqz/ab]

ab [q/a.q/baq?/aaq?/b; qle - aq?/b~aq?/a
a’q? [ aq®/baq?/ab aq?/ab,—1/b; ql., [a,—bq;q;aqz/ab ]
ab [—aq3/ab,aq?/b,q/b, —aq/ab; qle —aq®/b,aq?/a

By using (2.10) in L.H.S. of (4.31), we get

(4.32) Lwa/abidle laq?/a*.aq?/b%.q" 2q9.9/%:4’ ) _ [~aq/baq’/abaq’/ab—q*/bidls [a,—b/q;q;aqz/ ab]
[aq®/a, q/a, —aq/abiq]. [~aq/ab,~aq?/ab; q]. —aq/baq?/a

_ aq(a+b) [-aq®/b—aq*/a, —q/a, —q/b;q)w W, [ a—b; q; aqz/ab]

ab l[a/a.a 4%/a;q] —-aq?/b—aq?/a
" a’q® [—aq®/baq?/ab ,aq®/ab,—1/b; qlo, [a.— bq?; q; aq?/ ab]
ab [-aq3/ab, —aq/ab; qle -aq3/b, aq?/a

This is our main result (3.9)

Now by transforming 1% & 111" ,¥,with the help of (2.9) and 11" ,%, with the help of (2.8), in right side
of (4.17), we get

_ _ a, b; q; z|_ lazbzcq/abz,dq/abz; q]« abz/cabz/d q;cd/abz
(4.33) (1 —c/@)(A - d/q);¥; [ c/q, d/q ]_ [q/a, q/b; c.d;qle 2¥2 [ z, bz ]

__c+d[azq, d/a, c/bd/abz;q]e v [a,abzq/d; q;d/a]
q [zqd, q/b, cd/abzq; q]e azq, ¢

cd [azq®, bzq?, c/abzq, d/abzq;q]e P, [abzqz/c;abzqz/d; q;cd/abzqz]
q? [q/a, q/bcd;qle azq? bzq?

Taking ¢ = ag*/a,d = aq?/b, & z = —aq/ab ,we get

_ —aq/a—q?%/a—q?/b; i
(4.34) (1 —aq/a)(1 — aq/b) ¥, [a' b a; _“"/“b]: [caa/b_-aq/a—q7/a—a7/b qle g, [—a/q,—b/q,q. aq3/ab]

aq/a, aq/b l[a/a.q/b.aq?/aaq?/b; q]x —aq/b~aq/a
__aq(a+b) [~ aq*/b,aq*/ab aq*/ab,~q/b;q]x [a,—b;q;ocq2 /ab ]
ab [—aq?/ab,aq?/b,q/b—aq?/ab; q)« —aq?/b,aq?/a
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a’q® [-aq3/b—aq®/a,—1/a,~1/b; qle [—aq,—bq;q;—aq/ab ]
ab [a/a.q/b,aq?/a,aq?/b; qle —aq3/b~aq®/a

By using (2.10) in L.H.S. of (4.34), we get

(4.35) [aq/abiq]« [aq®/a* aq®/b% 4% aq.9/a:q4" ] _ [-aq/b-aq/a-q*/a-q*/b;q]« v, [—a/q.—b/q;q;—aq3/ ab]

[aq?/a, q/a, —aq/abq]e [a/a,aq%/a; q]o - aq/b—aq/a
_ aq(a+b) [-aq®/baq? /abaq? /ab,—q/b;q]» [a,—b: q;aq*/ab ]
ab [~aq?/ab,—a q%/ab;qlw. 2 |-aq?/baq?/a

+ a’q? [- aq®/b—aq?®/a,~1/a,—1/b; qlc [—aq,— bq; q; —aq/ab]
ab [a/a.aq?/a; ql., 22| —aq3/b, —ag?/a

This is the main result (3.10)

Now by transforming the I** & 11" ;%, with the help of (2.9) and 111" ¥, with the help of (2.8), in right
side of (4.17) we get

_ _ a, b; q; z|_ [azbzcq/abz,dq/abz; q]« abz/c,abz/d; q;cd/abz
(436) (1—c/q)(1—d/q) ¥, [ & 7]= Ly W, | b/ abe/ds aicdfabe |

_ c+d[azq,bzq, c/abz, d/abz;q]. p [abzq/c,abzq/d;q;cd/abzq]
q la/aq/b, c.dq]e 2 azq, bzq

cd lazq?, d/ac/bd/abzq; q]e [a,abzqz/d; q;cd/abzqz]
q% [zq%d, q/b,cd/abzq?;qle 2 azq?, ¢

Taking ¢ = aq*/a,d = aq?/b, & z = —aq/ab , in (4.36), we get

_ _ a, b; q; —aq/ab|_ [-aq/b, —aq/a—q*/a—q*/b; q]w -a/q,~b/q;q;—aq®/ab
(437) (1 aq/a)(l aCI/b) 22 [ aq/a, aq/b ]_ [q/a,q/b,aq?/a,aq?/b; q le Y2 [ —aq/b—aq/a ]

_ aq(a+b) [~ aq®/b-aq*/a ~q/a-q/b;q]e ) [—a,—b:q;—aqz/ab]

ab [q/a.q/b,aq?/a,aq?/b; q]e - aq?/b~aq?/a
n a’q* [ aq®/b,aq?/ab aq®/ab,—1/b; ql [a,—bq;q:aq/ab]
ab [—aq3/abaq?/bq/b—aq/ab;qle ° ° |l-aqd/baq?/a
By using (2.10) in L.H.S. of (4.37), we get
(4.38) [aq/abiql [aq”/a*,aq”/b%.q*aq.q/@qle _ [~aq/b-aq/a—q"/a—q*/bidle [—a/q,—b/q;q;—aq?’/ ab]
' [ag?/a, q/a, —aq/ab;q]e [9/a.aq?/a; q]o 2 %2 —aq/b—-aq/a

_ aq(a+b) [-aq®/b~aq®/a,~q/a—q/b;q). P, [—a,—b: q;—aqz/ab]
ab [a/a,aq?/a;q]e —aq?/b—aq?*/a
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a’q* [-aq3/baq®/ab aq*/ab—~1/b; q]e [a,—bq;q;aq/ab ]
ab [ —aq3/ab,—aq/ab; q)e 2 —aq3/baq?/a

This is our main result (3.11)

Now by transforming I** %, with the help of (2.8) and 11" & 111" ,;%, with the help of (2.9), in right side
of (4.17), we get

a, b; q; z|_ [azd/ac/bdq/abz; qle aabz/d;q;d/a
(439) (1= /)1 - d/q) e % q & |= SETR LR e oy [ b2

_ ctd|azqbzq, c/abz, d/abz;q]« Wy [abzq/c,abzq/d;q;cd/abzq]
q [a/aa/b, cdale 2 ° azq, bzq

cd [azq?,bzq? c/abzq,d/abzq; q]c vy [abzqz/c,abzqz/d; q;cd/abzqz]
q* [a/aq/b,cd;q]w 2h2 azq? ,bzq?

Taking ¢ = aq?/a,d = aq*/b, & z = —aq/ab , in (4.39)

e _ 2 2 —a2/ph. _ 2
(4.40) (1 - aq/a)(1 — aq/b) V> [a, b; q; aq/ab]= [-aq/b, aq”/ab,aq”/ab,—q"/b; q] Z‘I’Z[a' b/q;q;aq /ab]

aq/a, aq/b [-aq/ab,aq?/b,q/b—aq?/ab; q |« -aq/baq*/a
_ aq(a+b) [~ aq®/b~aq’/a,—q/a,-q/b:ql- [—a,—b;q;—aqz/ab]
ab [q/a.q/baq?/a,aq?/b; qle —aq?/b—~aq?/a

a’q* [- aq®/b—aq®/a,—1/a—-1/b; q]. [—aq,—bq;q;—aq/ab ]
ab [a/aq/baq?/a,aq?/b; ql« —aq®/b-aq®/a

By using (2.10) in L.H.S. of (4.40), we get

(4.41) [xq/abiql [aq®/a*,aq®/b% 4% aq.q/aq | _ [-aq/baq’/abaq®/ab—q*/bq]e [a.—b/q;q:aqz/ ab]
’ [xq?/a,aq?/b, q/a, —aq/ab;q]e [~aq/ab,—aq3/ab; ql. —aq/baq?/a
__aq(a+b) [-aq?/b—aq*/a—q/a,—q/b;q]o [—a,—b; q;—aqz/ab]
ab [q/a.aq?/a,aq?/b;q)o —aq?/b—aq?/a

a’q? [—aq®/b—aq3/a,~1/a,—-1/b; ql , [—aq,— bq; q; —aq/ab]

+ ab [q/a.aq?/a,aq?/b; q]e —aq3/b, —aq3/a

This is our main result (3.12).
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