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1. Introduction 

By using identities ,Bindu Prakash Mishra [1] established  transformations involving bilateral basic 
Hypergeometric Functions.  

(1.1) (𝑎𝑎 − 𝛼𝛼𝛼𝛼/𝑎𝑎) [𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎 ,−𝛼𝛼𝛼𝛼 /𝑎𝑎 ,−𝛼𝛼/𝑎𝑎 ;𝛼𝛼]∞
[−𝛼𝛼𝛼𝛼2/𝑎𝑎𝑎𝑎 ;𝛼𝛼]∞

2Ψ2 �𝑎𝑎 ,−𝑎𝑎 ;𝛼𝛼 ;𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎
−𝛼𝛼𝛼𝛼 /𝑎𝑎 ,𝛼𝛼𝛼𝛼2/𝑎𝑎�  

                                                            = 𝑎𝑎(1 − 𝛼𝛼𝛼𝛼/𝑎𝑎𝑎𝑎) [𝛼𝛼𝛼𝛼2/𝑎𝑎2,   𝛼𝛼𝛼𝛼2/𝑎𝑎2,   𝛼𝛼2,𝛼𝛼𝛼𝛼 ,𝛼𝛼/𝛼𝛼 ;𝛼𝛼2]∞
[𝛼𝛼𝛼𝛼 /𝑎𝑎 ,   𝛼𝛼/𝑎𝑎 ;𝛼𝛼]∞

     

                                                   −𝛼𝛼𝛼𝛼 (1−𝑎𝑎)[−𝛼𝛼𝛼𝛼2,𝛼𝛼/𝑎𝑎𝑎𝑎 ,−1/𝑎𝑎 ;𝛼𝛼]∞
𝑎𝑎[−𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎 ;𝛼𝛼]∞

2Ψ2 �𝑎𝑎𝛼𝛼 ,−𝑎𝑎𝛼𝛼 ;𝛼𝛼 ;𝛼𝛼/𝑎𝑎𝑎𝑎
𝛼𝛼𝛼𝛼2/𝑎𝑎 ,𝛼𝛼𝛼𝛼2/𝑎𝑎 � 

(1.2)  (𝑎𝑎 − 𝛼𝛼𝛼𝛼/𝑎𝑎) [−𝛼𝛼𝛼𝛼 /𝑎𝑎 ,𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎 ,−𝛼𝛼/𝑎𝑎 ;𝛼𝛼]∞
[−𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎 ,−𝛼𝛼𝛼𝛼2/𝑎𝑎𝑎𝑎 ;𝛼𝛼]∞

2Ψ2 �𝑎𝑎 ,−𝑎𝑎 ;𝛼𝛼 ;𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎
−𝛼𝛼𝛼𝛼 /𝑎𝑎 ,𝛼𝛼𝛼𝛼2/𝑎𝑎�  

                                                         = 𝑎𝑎[𝛼𝛼𝛼𝛼2/𝑎𝑎2,   𝛼𝛼𝛼𝛼2/𝑎𝑎2,   𝛼𝛼2,𝛼𝛼𝛼𝛼 ,𝛼𝛼/𝛼𝛼 ;𝛼𝛼2]∞
[𝛼𝛼𝛼𝛼2/𝑎𝑎 ,   −𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎 ,𝛼𝛼/𝑎𝑎 ;𝛼𝛼]∞

     

                                                        −𝛼𝛼𝛼𝛼 (1−1/𝑎𝑎)[−𝛼𝛼𝛼𝛼2/𝑎𝑎 ,−𝛼𝛼𝛼𝛼 /𝑎𝑎 ,−𝛼𝛼/𝑎𝑎 ,−1/𝑎𝑎 ;𝛼𝛼]∞
[𝛼𝛼𝛼𝛼 /𝑎𝑎 ,1/𝑎𝑎 ,𝛼𝛼𝛼𝛼2/𝑎𝑎 ;𝛼𝛼]∞

2Ψ2 �−𝑎𝑎 ,−𝑎𝑎𝛼𝛼 ;𝛼𝛼 ;−𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎
−𝛼𝛼𝛼𝛼2/𝑎𝑎 ,−𝛼𝛼𝛼𝛼 /𝑎𝑎 � 

 

(1.3)  (𝑎𝑎 − 𝛼𝛼𝛼𝛼/𝑎𝑎)[−𝛼𝛼𝛼𝛼/𝑎𝑎,−𝛼𝛼𝛼𝛼/𝑎𝑎,−𝛼𝛼2/𝑎𝑎,−𝛼𝛼/𝑎𝑎;𝛼𝛼]∞2Ψ2 �–𝑎𝑎/𝛼𝛼 ,−𝑎𝑎/𝛼𝛼 ;𝛼𝛼 ;−𝛼𝛼𝛼𝛼2/𝑎𝑎𝑎𝑎
−𝛼𝛼𝛼𝛼 /𝑎𝑎 ,−𝛼𝛼𝛼𝛼 /𝑎𝑎 �  
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                                      = 𝑎𝑎[𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎 ;𝛼𝛼]∞ [𝛼𝛼𝛼𝛼2/𝑎𝑎2,   𝛼𝛼𝛼𝛼2/𝑎𝑎2,   𝛼𝛼2,𝛼𝛼𝛼𝛼 ,𝛼𝛼/𝛼𝛼 ;𝛼𝛼2]∞
[ −𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎 ;𝛼𝛼]∞

     

                                     +𝛼𝛼𝛼𝛼[−𝛼𝛼𝛼𝛼2/𝑎𝑎,−𝛼𝛼𝛼𝛼/𝑎𝑎,−𝛼𝛼/𝑎𝑎,−1/𝑎𝑎; 𝛼𝛼]∞2Ψ2 �−𝑎𝑎 ,−𝑎𝑎𝛼𝛼 ;𝛼𝛼 ;−𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎
−𝛼𝛼𝛼𝛼2/𝑎𝑎 ,−𝛼𝛼𝛼𝛼 /𝑎𝑎 �   and so on. 

Here an attempt has been made to establish the results involving two bilateral basic Hypergeometric 

Functions and ratio of infinite products. We have also established the results involving three bilateral 

basic Hypergeometric Functions and ratio of infinite products by using suitable identities and changing 

the parameters in well known results involving bilateral basic Hypergeometric Functions. 

 

2. Notation 

Consider |𝛼𝛼| < 1, where q is non-zero complex number, this condition ensures  all the infinite products 
that we use will converge. We will use the notation, 

(2.1) [𝛼𝛼; 𝛼𝛼]𝑛𝑛 = � (1 − 𝛼𝛼)(1 − 𝛼𝛼𝛼𝛼) … … … (1 − 𝛼𝛼𝛼𝛼𝑛𝑛−1);𝑛𝑛 > 0
1   ;                                                                  𝑛𝑛 = 0,

� 

(2.2)  [𝛼𝛼; 𝛼𝛼]∞ = ∏ (1 − 𝛼𝛼𝛼𝛼𝑟𝑟),∞
𝑟𝑟=0   

(2.3)  [𝛼𝛼; 𝛼𝛼]−𝑛𝑛 = (−)𝑛𝑛 𝛼𝛼𝑛𝑛 (𝑛𝑛+1)/2

𝛼𝛼𝑛𝑛 [𝛼𝛼𝛼𝛼  ; 𝛼𝛼]𝑛𝑛
 , 

(2.4) [𝑧𝑧1, 𝑧𝑧2, … … … … … 𝑧𝑧𝑛𝑛 ; 𝛼𝛼]∞  =[𝑧𝑧1; 𝛼𝛼]∞  [𝑧𝑧2; 𝛼𝛼]∞ … … … … [𝑧𝑧𝑛𝑛 ; 𝛼𝛼]∞ , 

(2.5) [𝑧𝑧, 𝑧𝑧𝛼𝛼; 𝛼𝛼2]∞ = [𝑧𝑧; 𝛼𝛼]∞  

 

Following the above notation, we define  

(2.6)  rϕs�𝑎𝑎1,𝑎𝑎2,𝑎𝑎3………𝑎𝑎𝑟𝑟  ;𝛼𝛼  ;𝑧𝑧
𝑎𝑎1,𝑎𝑎2………𝑎𝑎𝑠𝑠

� = ∑ [𝑎𝑎1,𝑎𝑎2,𝑎𝑎3………𝑎𝑎𝑟𝑟  ;𝛼𝛼]𝑛𝑛𝑍𝑍𝑛𝑛

[𝛼𝛼 ,𝑎𝑎1,𝑎𝑎2………𝑎𝑎𝑠𝑠]𝑛𝑛
∞
𝑛𝑛=0  

Max(|𝛼𝛼| , |𝑧𝑧| < 1). where 

 [𝑎𝑎1, 𝑎𝑎2 … … … 𝑎𝑎𝑟𝑟  ; 𝛼𝛼]𝑛𝑛 = [𝑎𝑎1 ; 𝛼𝛼]𝑛𝑛 [𝑎𝑎2 ; 𝛼𝛼]𝑛𝑛 … … [𝑎𝑎𝑟𝑟 ; 𝛼𝛼]𝑛𝑛  

 

Also, we define the Basic Bilateral Hypergeometric Function 

(2.7)  rΨr �𝑎𝑎1,𝑎𝑎2………𝑎𝑎𝑟𝑟  ;𝛼𝛼 ;𝑧𝑧
𝑎𝑎1…………..𝑎𝑎𝑟𝑟

� = ∑ [𝑎𝑎1,𝑎𝑎2……𝑎𝑎𝑟𝑟  ;𝛼𝛼]𝑛𝑛 𝑧𝑧𝑛𝑛

[𝑎𝑎1,𝑎𝑎2……𝑎𝑎𝑟𝑟 ]𝑛𝑛
∞
𝑛𝑛=−∞  

           where for convergence |𝑎𝑎1, 𝑎𝑎2, … … … 𝑎𝑎𝑟𝑟/𝑎𝑎1,𝑎𝑎2 … … …𝑎𝑎𝑟𝑟 |  < 𝑧𝑧 < 1. 
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We shall make use of the following known results  

(2.8) 2Ψ2 �𝑎𝑎 ,   𝑎𝑎 ;   𝛼𝛼 ;  𝑧𝑧 
𝑐𝑐 ,   𝑑𝑑 �=  [𝑎𝑎𝑧𝑧 ,   𝑑𝑑/𝑎𝑎 ,   𝑐𝑐/𝑎𝑎 ,𝑑𝑑𝛼𝛼 /𝑎𝑎𝑎𝑎𝑧𝑧 ;𝛼𝛼]∞  

[𝑧𝑧,   𝑑𝑑 ,   𝛼𝛼/𝑎𝑎 ,   𝑐𝑐𝑑𝑑/𝑎𝑎𝑎𝑎𝑧𝑧 ;  𝛼𝛼]∞
 2Ψ2 �𝑎𝑎 ,𝑎𝑎𝑎𝑎𝑧𝑧 /𝑑𝑑  ;𝛼𝛼 ;𝑑𝑑/𝑎𝑎

𝑎𝑎𝑧𝑧 ,𝑐𝑐 �  

                   [Gasper-Rahman 1; (5.20 (i) p. 137]  

(2.9) 2Ψ2 �𝑎𝑎 ,   𝑎𝑎 ;   𝛼𝛼 ;  𝑧𝑧 
𝑐𝑐 ,   𝑑𝑑 � =  [𝑎𝑎𝑧𝑧 ,𝑎𝑎𝑧𝑧 ,𝑐𝑐𝛼𝛼/𝑎𝑎𝑎𝑎𝑧𝑧 ,𝑑𝑑𝛼𝛼 /𝑎𝑎𝑎𝑎𝑧𝑧 ;𝛼𝛼]∞  

[𝛼𝛼/𝑎𝑎 ,     𝛼𝛼/𝑎𝑎 ,   𝑐𝑐 ,   𝑑𝑑 ;  𝛼𝛼]∞
 2Ψ2 �𝑎𝑎𝑎𝑎𝑧𝑧 /𝑐𝑐 ,   𝑎𝑎𝑎𝑎𝑧𝑧 /𝑑𝑑  ;𝛼𝛼 ;𝑐𝑐𝑑𝑑/𝑎𝑎𝑎𝑎𝑧𝑧

𝑎𝑎𝑧𝑧 ,      𝑎𝑎𝑧𝑧 �  

[Gasper-Rahman 1; (5.20 (ii) p. 137]  

(2.10)   2Ψ2 �𝑎𝑎 ,   𝑎𝑎 ;   𝛼𝛼 ; −𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎  
𝛼𝛼𝛼𝛼 /𝑎𝑎 ,   𝛼𝛼𝛼𝛼 /𝑎𝑎 � = [𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎 ;𝛼𝛼]∞  [𝛼𝛼𝛼𝛼2/𝑎𝑎2,𝛼𝛼𝛼𝛼2/𝑎𝑎2  ,𝛼𝛼2,   𝛼𝛼𝛼𝛼 ,   𝛼𝛼/𝛼𝛼 ;  𝛼𝛼2]∞  

[𝛼𝛼𝛼𝛼 /𝑎𝑎 ,𝛼𝛼𝛼𝛼 /𝑎𝑎 ,𝛼𝛼/𝑎𝑎  ,𝛼𝛼/𝑎𝑎 ,−  𝛼𝛼𝛼𝛼 /𝑎𝑎𝑎𝑎 ;  𝛼𝛼]∞
  

[Gasper-Rahman 1;App.II (II.30 p. 239] 

3. Main Result 
 

(3.1)  𝜶𝜶(𝟏𝟏−𝒂𝒂) 
𝒂𝒂𝒂𝒂(𝟏𝟏−𝜶𝜶/𝒂𝒂𝒂𝒂) 

 [𝜶𝜶/𝒂𝒂𝟐𝟐,   𝜶𝜶/𝒃𝒃𝟐𝟐,   𝒂𝒂𝟐𝟐,   𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶; 𝒂𝒂𝟐𝟐 ]∞   
[𝜶𝜶/𝒂𝒂,   𝟏𝟏/𝒂𝒂;  𝒂𝒂]∞

 = [−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   
[−𝜶𝜶/𝒂𝒂𝒃𝒃;    𝒂𝒂]∞

 2Ψ2�𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝟐𝟐;  𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃 
−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒂𝒂 �     

                                                                          − 𝜶𝜶
𝒃𝒃𝒂𝒂

[−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒃𝒃,−𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[−𝜶𝜶/𝒂𝒂𝒃𝒃 ;  𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃;   𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃 
−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒂𝒂 �  

 (3.2)    𝜶𝜶
𝒂𝒂( 𝜶𝜶𝒂𝒂𝒂𝒂−𝟏𝟏)

 [𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;𝒂𝒂]∞    [  𝜶𝜶/𝒂𝒂𝟐𝟐  𝜶𝜶/𝒃𝒃𝟐𝟐,   𝒂𝒂𝟐𝟐,   𝜶𝜶𝒂𝒂,   𝒂𝒂/𝜶𝜶;   𝒂𝒂𝟐𝟐]∞   
[𝜶𝜶/𝒂𝒂,   𝒂𝒂/𝒂𝒂  −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;    𝒂𝒂]∞

    

 

                                         = [−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒃𝒃,𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,   −𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   
[−𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝒃𝒃;    𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃/𝒂𝒂;  𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃  
−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒂𝒂 �     

                 − 𝜶𝜶
𝒃𝒃𝒂𝒂

[−𝜶𝜶/𝒃𝒃,   −𝜶𝜶/𝒂𝒂,−𝟏𝟏/𝒂𝒂,−𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[𝒂𝒂/𝒂𝒂,    𝜶𝜶/𝒂𝒂𝒂𝒂 ;    𝒂𝒂]∞

2Ψ2 �−𝒂𝒂𝒂𝒂,−𝒃𝒃;  𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂  
−𝜶𝜶/𝒃𝒃,   −𝜶𝜶/𝒂𝒂 � 

(3.3) 𝜶𝜶
𝒂𝒂(𝜶𝜶/𝒂𝒂𝒂𝒂−𝟏𝟏) 

[𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;𝒂𝒂]∞ [𝜶𝜶/𝒂𝒂𝟐𝟐,   𝜶𝜶/𝒃𝒃𝟐𝟐,   𝒂𝒂𝟐𝟐,−𝜶𝜶/𝒂𝒂,𝒂𝒂/𝜶𝜶; 𝒂𝒂𝟐𝟐 ]∞   
[𝜶𝜶/𝒂𝒂,− 𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;  𝒂𝒂]∞

  

                                               = [−𝜶𝜶/𝒃𝒃𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝒂𝒂,   −𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   
[𝜶𝜶/𝒂𝒂𝒂𝒂; 𝒂𝒂]∞

2Ψ2 �−𝒂𝒂,−𝒃𝒃/𝒂𝒂;  𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃  
−𝜶𝜶/𝒃𝒃𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝒂𝒂 �    

                                               − 𝜶𝜶
𝒃𝒃𝒂𝒂

[−𝜶𝜶/𝒃𝒃,   −𝜶𝜶/𝒂𝒂,−𝟏𝟏/𝒂𝒂,−𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[ 𝜶𝜶/𝒂𝒂𝒂𝒂;  𝒂𝒂]∞

2Ψ2 �−𝒂𝒂𝒂𝒂,−𝒃𝒃/𝒂𝒂;  −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂  
−𝜶𝜶/𝒃𝒃,   −𝜶𝜶/𝒂𝒂 �  

(3.4)      𝜶𝜶(𝟏𝟏−𝒂𝒂) 
𝒂𝒂𝒂𝒂(𝟏𝟏−𝜶𝜶/𝒂𝒂𝒂𝒂) 

 [𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;𝒂𝒂]∞  [𝜶𝜶/𝒂𝒂𝟐𝟐   𝜶𝜶/𝒃𝒃𝟐𝟐,   𝒂𝒂𝟐𝟐,   𝜶𝜶𝒂𝒂,   𝒂𝒂/𝜶𝜶; 𝒂𝒂𝟐𝟐 ]∞   
[𝜶𝜶/𝒂𝒂,   𝟏𝟏/𝒂𝒂,−𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;  𝒂𝒂]∞

  

                                            = [−𝜶𝜶/𝒃𝒃𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝒂𝒂,−𝒂𝒂/𝒂𝒂,   −𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   
[𝒂𝒂/𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒂𝒂;    𝒂𝒂]∞

 2Ψ2�−𝒂𝒂,   −𝒃𝒃/𝒂𝒂;  𝒂𝒂;  − 𝜶𝜶/𝒂𝒂𝒃𝒃 
−𝜶𝜶/𝒃𝒃𝒂𝒂,− 𝜶𝜶/𝒂𝒂𝒂𝒂 �  
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                                             − 𝜶𝜶
𝒃𝒃𝒂𝒂

[−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,   −𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[−𝜶𝜶/𝒂𝒂𝒃𝒃,−𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;  𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃;   𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃 
−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒂𝒂 �  

(3.5)     [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝒂𝒂/𝜶𝜶−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 =[−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

2Ψ2�𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐 𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 �   

             

                                                            −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞
[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃;𝒂𝒂] 2Ψ�𝒂𝒂,− 𝒃𝒃;   𝒂𝒂; 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

                                         +𝜶𝜶
𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
  [−𝜶𝜶𝒂𝒂

𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝟏𝟏/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃𝒂𝒂; 𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,  𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

(3.6)   [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒂𝒂,−𝜶𝜶𝒂𝒂/𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
2Ψ2 �–𝒂𝒂/𝒂𝒂,   −𝒃𝒃/𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟑𝟑/ 𝒂𝒂𝒃𝒃 

− 𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂 � 

                                                 −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂, −𝒂𝒂/𝒂𝒂, −𝒂𝒂/𝒃𝒃;𝒂𝒂]∞2Ψ2 �−𝒂𝒂,−𝒃𝒃;𝒂𝒂; −𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, −𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

                                                + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂,−𝟏𝟏/𝒂𝒂,−𝟏𝟏/𝒃𝒃;𝒂𝒂]∞2Ψ2 �−𝒂𝒂𝒂𝒂,− 𝒃𝒃𝒂𝒂;   𝒂𝒂; −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 � 

(3.7)  [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/ 𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

−𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝜶𝜶 𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 2Ψ2 � 𝒂𝒂,−𝒃𝒃;𝒂𝒂; 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

+ 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 ,−𝟏𝟏/𝒂𝒂,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ 𝒂𝒂/𝒂𝒂,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂; 𝒂𝒂]∞
2Ψ2 �−𝒂𝒂𝒂𝒂,− 𝒃𝒃𝒂𝒂;   𝒂𝒂; −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 � 

(3.8)  [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂; 𝒂𝒂]∞

2Ψ2 �–𝒂𝒂/𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟑𝟑/ 𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂 � 

−𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃;−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝜶𝜶 𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 2Ψ2 � 𝒂𝒂,−𝒃𝒃;𝒂𝒂; 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

+ 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞
2Ψ2 �𝒂𝒂,− 𝒃𝒃𝒂𝒂;   𝒂𝒂; 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 �  

(3.9)  [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/ 𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

  −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   −𝒂𝒂/𝒂𝒂,   −𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝜶𝜶 𝒂𝒂𝟐𝟐/𝒂𝒂;𝒂𝒂]∞

 2Ψ2 �−𝒂𝒂,−𝒃𝒃; 𝒂𝒂;−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

  + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞
2Ψ2 �𝒂𝒂,− 𝒃𝒃𝒂𝒂𝟐𝟐;   𝒂𝒂; 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 �   

(3.10)    [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂; 𝒂𝒂]∞

2Ψ2 �–𝒂𝒂/𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟑𝟑/ 𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂 � 
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   −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝜶𝜶 𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 2Ψ2 �𝒂𝒂,−𝒃𝒃; 𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

                                                                       + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 ,−𝟏𝟏/𝒂𝒂,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ 𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂; 𝒂𝒂]∞
2Ψ2 �−𝒂𝒂𝒂𝒂,− 𝒃𝒃𝒂𝒂;   𝒂𝒂; −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,   −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 �   

(3.11)   [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂; 𝒂𝒂]∞

2Ψ2 �–𝒂𝒂/𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟑𝟑/ 𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂 � 

   −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂/𝒂𝒂,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂;𝒂𝒂]∞

 2Ψ2 �−𝒂𝒂,−𝒃𝒃; 𝒂𝒂;−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

                                                                       + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞
2Ψ2 �𝒂𝒂,−𝒃𝒃𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂�  

(3.12) [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,   𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/ 𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

  −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂/𝒂𝒂,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞

 2Ψ2 �−𝒂𝒂,−𝒃𝒃; 𝒂𝒂;−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

                                                        + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 ,−𝟏𝟏/𝒂𝒂,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ 𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃; 𝒂𝒂]∞
2Ψ2 �−𝒂𝒂𝒂𝒂,− 𝒃𝒃𝒂𝒂;   𝒂𝒂; −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,   −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 � 

 

4.Proof 

             To establish main results  (3.1) to (3.4), consider a suitable identity 

              (𝟏𝟏 − 𝒂𝒂)(𝟏𝟏 − 𝒃𝒃) = �𝟏𝟏−𝒂𝒂−𝒃𝒃+𝒂𝒂𝒃𝒃
𝟏𝟏−𝒅𝒅𝒂𝒂𝒏𝒏

� − �𝟏𝟏−𝒂𝒂−𝒃𝒃+𝒂𝒂𝒃𝒃
(𝟏𝟏−𝒅𝒅𝒂𝒂𝒏𝒏)

�𝒅𝒅𝒂𝒂𝒏𝒏    

(4.1)        𝒛𝒛(𝟏𝟏−𝒂𝒂)(𝟏𝟏−𝒃𝒃)
(𝟏𝟏−𝒄𝒄)

= 𝒛𝒛(𝟏𝟏−𝒂𝒂)(𝟏𝟏−𝒃𝒃)
(𝟏𝟏−𝒄𝒄)(𝟏𝟏−𝒅𝒅𝒂𝒂𝒏𝒏)

− 𝒛𝒛(𝟏𝟏−𝒂𝒂)(𝟏𝟏−𝒃𝒃)𝒅𝒅𝒂𝒂𝒏𝒏

(𝟏𝟏−𝒄𝒄)(𝟏𝟏−𝒅𝒅𝒂𝒂𝒏𝒏)
      

Multiplying by   (𝒂𝒂𝒂𝒂)𝒏𝒏(𝒃𝒃𝒂𝒂)𝒏𝒏
(𝒄𝒄𝒂𝒂)𝒏𝒏(𝒅𝒅)𝒏𝒏

 𝒛𝒛𝒏𝒏 both side of (4.1) and summing over from -∞ 𝒕𝒕𝒕𝒕∞ , we get 

(4.2)       𝒛𝒛(𝟏𝟏−𝒂𝒂)(𝟏𝟏−𝒃𝒃)
(𝟏𝟏−𝒄𝒄)

 2Ψ2 �𝒂𝒂𝒂𝒂,   𝒃𝒃𝒂𝒂;   𝒂𝒂;  𝒛𝒛 
𝒄𝒄𝒂𝒂,   𝒅𝒅, � =2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛 

𝒄𝒄,   𝒅𝒅; � − 𝒅𝒅
𝒂𝒂

 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛𝒂𝒂 
𝒄𝒄,   𝒅𝒅; �  

Again from (2.10) 

Replacing 𝒂𝒂 𝒃𝒃𝒃𝒃,𝒂𝒂𝒂𝒂, 𝒃𝒃 𝒃𝒃𝒃𝒃 𝒃𝒃𝒂𝒂  in (2.10), we get 

(4.3)      2Ψ2 �𝒂𝒂𝒂𝒂,   𝒃𝒃𝒂𝒂;   𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂 
𝜶𝜶/𝒂𝒂,   𝜶𝜶/𝒃𝒃; � = [𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂; 𝒂𝒂]∞ [𝜶𝜶/𝒂𝒂𝟐𝟐,𝜶𝜶/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐 ,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞   

[𝜶𝜶/𝒂𝒂,   𝜶𝜶/𝒃𝒃,   𝟏𝟏/𝒂𝒂,   𝟏𝟏/𝒃𝒃,   −  𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;  𝒂𝒂]∞
  

Now, by transforming each 2Ψ2 on right side of (4.2) with the help of (2.8),we get  

(4.4)       𝒛𝒛(𝟏𝟏−𝒂𝒂)(𝟏𝟏−𝒃𝒃)
(𝟏𝟏−𝒄𝒄)

 2Ψ2 �𝒂𝒂𝒂𝒂,   𝒃𝒃𝒂𝒂;   𝒂𝒂;  𝒛𝒛 
𝒄𝒄𝒂𝒂,   𝒅𝒅; � = [𝒂𝒂𝒛𝒛,𝒅𝒅/𝒂𝒂,   𝒄𝒄/𝒃𝒃,𝒅𝒅𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛;𝒂𝒂]∞

[𝒛𝒛,𝒅𝒅,𝒂𝒂/𝒃𝒃,   𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛;𝒂𝒂]∞
 2Ψ2 �𝒂𝒂,𝒂𝒂𝒃𝒃𝒛𝒛/𝒅𝒅; 𝒂𝒂;𝒅𝒅/𝒂𝒂

𝒂𝒂𝒛𝒛,   𝒄𝒄; � 
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                                                 −𝒅𝒅
𝒂𝒂

 [𝒂𝒂𝒛𝒛𝒂𝒂,𝒅𝒅/𝒂𝒂,𝒄𝒄/𝒃𝒃,𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛;𝒂𝒂]∞
[𝒛𝒛𝒂𝒂,𝒅𝒅,𝒂𝒂/𝒃𝒃,𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂;𝒂𝒂]∞

 2Ψ2 �𝒂𝒂,   𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒅𝒅;   𝒂𝒂;  𝒅𝒅/𝒂𝒂 
𝒂𝒂𝒛𝒛𝒂𝒂,   𝒄𝒄, �  

Further replacing 𝒛𝒛 𝒃𝒃𝒃𝒃 − 𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,   𝒄𝒄  𝒃𝒃𝒃𝒃  𝜶𝜶/𝒂𝒂𝒂𝒂,𝒂𝒂𝒏𝒏𝒅𝒅  𝒅𝒅 𝒃𝒃𝒃𝒃 𝜶𝜶/𝒃𝒃 in (4.4) 

(−𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂)(𝟏𝟏−𝒂𝒂)(𝟏𝟏−𝒃𝒃)
(𝟏𝟏−𝜶𝜶/𝒂𝒂𝒂𝒂)

 2Ψ2 �𝒂𝒂𝒂𝒂,   𝒃𝒃𝒂𝒂;   𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂 
𝜶𝜶/𝒂𝒂,   𝜶𝜶/𝒃𝒃; � = [−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒃𝒃,𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   

[−𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒃𝒃,𝒂𝒂/𝒃𝒃,−𝜶𝜶/𝒂𝒂𝒃𝒃;    𝒂𝒂]∞
 2Ψ2�𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝟐𝟐; 𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃 

−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒂𝒂; � 

               − 𝜶𝜶
𝒃𝒃𝒂𝒂

 [−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒃𝒃,𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,−𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[−𝜶𝜶/𝒂𝒂𝒃𝒃,   𝜶𝜶/𝒃𝒃,𝒂𝒂/𝒃𝒃,−𝜶𝜶/𝒂𝒂𝒃𝒃;    𝒂𝒂]∞

 2Ψ2 �𝒂𝒂,−𝒃𝒃;   𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃 
−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒂𝒂 � 

(4.5) 𝜶𝜶(𝟏𝟏−𝒂𝒂) (𝟏𝟏−𝒃𝒃)
𝒂𝒂𝒃𝒃𝒂𝒂(𝜶𝜶/𝒂𝒂𝒂𝒂−𝟏𝟏)

 2Ψ2�𝒂𝒂𝒂𝒂,   𝒃𝒃𝒂𝒂;   𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂
𝜶𝜶/𝒂𝒂  ,   𝜶𝜶/𝒃𝒃           �= [−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒃𝒃,𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   

[−𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒃𝒃,𝒂𝒂/𝒃𝒃,−𝜶𝜶/𝒂𝒂𝒃𝒃;    𝒂𝒂]∞
  2Ψ2�

𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝟐𝟐;  𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃 
–𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒂𝒂 �  

        − 𝜶𝜶
𝒃𝒃𝒂𝒂

[−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒃𝒃,𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,−𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[−𝜶𝜶/𝒂𝒂𝒃𝒃,   𝜶𝜶/𝒃𝒃,𝒂𝒂/𝒃𝒃,−𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;    𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃;   𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃 
−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒂𝒂 �   

By using (4.3) in L.H.S. of   (4.5),   we get 

(4.6)  𝜶𝜶(𝟏𝟏−𝒂𝒂) 
𝒂𝒂𝒂𝒂(𝟏𝟏−𝜶𝜶/𝒂𝒂𝒂𝒂) 

 [𝜶𝜶/𝒂𝒂𝟐𝟐,   𝜶𝜶/𝒃𝒃𝟐𝟐,   𝒂𝒂𝟐𝟐,   𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶; 𝒂𝒂𝟐𝟐 ]∞   
[𝜶𝜶/𝒂𝒂,   𝟏𝟏/𝒂𝒂;  𝒂𝒂]∞

 = [−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   
[−𝜶𝜶/𝒂𝒂𝒃𝒃;    𝒂𝒂]∞

 2Ψ2�𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝟐𝟐;  𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃 
−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒂𝒂 �     

                                                                          − 𝜶𝜶
𝒃𝒃𝒂𝒂

[−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒃𝒃,−𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[−𝜶𝜶/𝒂𝒂𝒃𝒃 ;  𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃;   𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃 
−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒂𝒂 �  

This is our main result (3.1) 

 Now, transforming Ist 2Ψ2 with the help of (2.8) and IInd 2Ψ2 with the help of (2.9) in R.H.S. of  
(4.2) 

(4.7)   𝒛𝒛(𝟏𝟏−𝒂𝒂) (𝟏𝟏−𝒃𝒃)
(𝟏𝟏−𝒄𝒄) 2Ψ2 �𝒂𝒂𝒂𝒂,   𝒃𝒃𝒂𝒂;𝒂𝒂;𝒛𝒛  

𝒄𝒄𝒂𝒂,   𝒅𝒅 � = [𝒂𝒂𝒛𝒛,   𝒅𝒅/𝒂𝒂,   𝒄𝒄/𝒃𝒃,   𝒅𝒅𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛 ; 𝒂𝒂]∞   
[𝒛𝒛,   𝒅𝒅,   𝒂𝒂/𝒃𝒃,   𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛;  𝒂𝒂]∞

  2Ψ2 �𝒂𝒂,   𝒂𝒂𝒃𝒃𝒛𝒛/𝒅𝒅;  𝒂𝒂;  𝒂𝒂𝒅𝒅/𝒂𝒂  
𝒂𝒂𝒛𝒛,   𝒄𝒄 � 

               −𝒅𝒅
𝒂𝒂
 [𝒂𝒂𝒛𝒛𝒂𝒂,   𝒃𝒃𝒛𝒛𝒂𝒂,   𝒄𝒄/𝒂𝒂𝒃𝒃𝒛𝒛,   𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛 ; 𝒂𝒂]∞   

[𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝒄𝒄,   𝒅𝒅,   𝒂𝒂]∞
2Ψ2 �𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒄𝒄,   𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒅𝒅;  𝒂𝒂;  𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂  

𝒂𝒂𝒛𝒛𝒂𝒂,   𝒃𝒃𝒛𝒛𝒂𝒂 �  

 Taking 𝒛𝒛 = −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂, 𝒄𝒄 = 𝜶𝜶/𝒂𝒂𝒂𝒂, & 𝑑𝑑 = 𝛼𝛼/𝑎𝑎  in (4.7)  

(4.8) 
−𝜶𝜶
𝒂𝒂𝒃𝒃𝒂𝒂(𝟏𝟏−𝒂𝒂)(𝟏𝟏−𝒃𝒃) 

(𝟏𝟏−𝜶𝜶/𝒂𝒂𝒂𝒂) 2Ψ2 �𝒂𝒂𝒂𝒂,   𝒃𝒃𝒂𝒂;  𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂  
𝜶𝜶/𝒂𝒂,   𝜶𝜶/𝒃𝒃 � = [−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒃𝒃,𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   

[−𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒃𝒃,𝒂𝒂/𝒃𝒃,−𝜶𝜶/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞
2Ψ2 �𝒂𝒂,−𝒃𝒃/𝒂𝒂;  𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃  

−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒂𝒂 �   

                                − 𝜶𝜶
𝒃𝒃𝒂𝒂

[−𝜶𝜶/𝒃𝒃,   −𝜶𝜶/𝒂𝒂,−𝟏𝟏/𝒂𝒂,−𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒂𝒂  ,𝜶𝜶/𝒃𝒃;    𝒂𝒂]∞

2Ψ2 �−𝒂𝒂𝒂𝒂,−𝒃𝒃;  𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂  
−𝜶𝜶/𝒃𝒃,   −𝜶𝜶/𝒂𝒂 � 

By using (4.3) in LHS of (4.8), we get 

(4.9)    𝜶𝜶
𝒂𝒂( 𝜶𝜶𝒂𝒂𝒂𝒂−𝟏𝟏)

 [𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;𝒂𝒂]∞    [  𝜶𝜶/𝒂𝒂𝟐𝟐  𝜶𝜶/𝒃𝒃𝟐𝟐,   𝒂𝒂𝟐𝟐,   𝜶𝜶𝒂𝒂,   𝒂𝒂/𝜶𝜶;   𝒂𝒂𝟐𝟐]∞   
[𝜶𝜶/𝒂𝒂,   𝒂𝒂/𝒂𝒂  −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;    𝒂𝒂]∞

    

                                         = [−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒃𝒃,𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,   −𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   
[−𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝒃𝒃;    𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃/𝒂𝒂;  𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃  
−𝜶𝜶/𝒃𝒃𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒂𝒂 �     

                 − 𝜶𝜶
𝒃𝒃𝒂𝒂

[−𝜶𝜶/𝒃𝒃,   −𝜶𝜶/𝒂𝒂,−𝟏𝟏/𝒂𝒂,−𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[𝒂𝒂/𝒂𝒂,    𝜶𝜶/𝒂𝒂𝒂𝒂 ;    𝒂𝒂]∞

2Ψ2 �−𝒂𝒂𝒂𝒂,−𝒃𝒃;  𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂  
−𝜶𝜶/𝒃𝒃,   −𝜶𝜶/𝒂𝒂 � 
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This is our main result (3.2) 

 

 Now transforming each  2Ψ2 on right side  of (4.2) with the help of (2.9)  

(4.10) 𝒛𝒛(𝟏𝟏−𝒂𝒂) (𝟏𝟏−𝒃𝒃)
(𝟏𝟏−𝒄𝒄) 2Ψ2 �𝒂𝒂𝒂𝒂,   𝒃𝒃𝒂𝒂;𝒂𝒂;𝒛𝒛  

𝒄𝒄𝒂𝒂,   𝒅𝒅; � = [𝒂𝒂𝒛𝒛,   𝒃𝒃𝒛𝒛,   𝒄𝒄𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛,     𝒅𝒅𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛 ; 𝒂𝒂]∞   
[𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝒄𝒄,𝒅𝒅;  𝒂𝒂]∞

 2Ψ2 � 𝒂𝒂𝒃𝒃𝒛𝒛/𝒄𝒄;  𝒂𝒂𝒃𝒃𝒛𝒛/𝒅𝒅;  𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛  
𝒂𝒂𝒛𝒛,   𝒃𝒃𝒛𝒛 � 

             −𝒅𝒅
𝒂𝒂

[𝒂𝒂𝒛𝒛𝒂𝒂,   𝒃𝒃𝒛𝒛𝒂𝒂,   𝒄𝒄/𝒂𝒂𝒃𝒃𝒛𝒛,   𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛 ; 𝒂𝒂]∞   
[𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝒄𝒄,𝒅𝒅,   𝒂𝒂]∞

2Ψ2 �𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒄𝒄,   𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒅𝒅;  𝒂𝒂;  𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂  
𝒂𝒂𝒛𝒛𝒂𝒂,   𝒃𝒃𝒛𝒛𝒂𝒂 � 

 Taking 𝒛𝒛 = −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂, 𝒄𝒄 = 𝜶𝜶/𝒂𝒂𝒂𝒂, & 𝑑𝑑 = 𝛼𝛼/𝑎𝑎  in  (4.10) on both side 

(4.11) 
−𝜶𝜶
𝒂𝒂𝒃𝒃𝒂𝒂(𝟏𝟏−𝒂𝒂)−(𝟏𝟏−𝒃𝒃) 

(𝟏𝟏−𝜶𝜶/𝒂𝒂𝒂𝒂) 2Ψ2 �𝒂𝒂𝒂𝒂,   𝒃𝒃𝒂𝒂;  𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂  
𝜶𝜶/𝒂𝒂,   𝜶𝜶/𝒃𝒃 � 

     = [−𝜶𝜶/𝒃𝒃𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝒂𝒂,   −𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   
[𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,𝜶𝜶/𝒂𝒂𝒂𝒂,   𝜶𝜶/𝒃𝒃;    𝒂𝒂]∞

2Ψ2 �−𝒂𝒂,−𝒃𝒃/𝒂𝒂;  𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃  
−𝜶𝜶/𝒃𝒃𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝒂𝒂 � 

 − 𝜶𝜶
𝒃𝒃𝒂𝒂

[−𝜶𝜶/𝒃𝒃,   −𝜶𝜶/𝒂𝒂,−𝟏𝟏/𝒂𝒂,−𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒂𝒂  ,𝜶𝜶/𝒃𝒃;    𝒂𝒂]∞

2Ψ2 �−𝒂𝒂𝒂𝒂,−𝒃𝒃;  𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂  
−𝜶𝜶/𝒃𝒃,   −𝜶𝜶/𝒂𝒂 � 

By using (4.3) in L.H.S. of  (4.11) 

(4.12) 𝜶𝜶
𝒂𝒂(𝜶𝜶/𝒂𝒂𝒂𝒂−𝟏𝟏) 

[𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;𝒂𝒂]∞ [𝜶𝜶/𝒂𝒂𝟐𝟐,   𝜶𝜶/𝒃𝒃𝟐𝟐,   𝒂𝒂𝟐𝟐,−𝜶𝜶/𝒂𝒂,𝒂𝒂/𝜶𝜶; 𝒂𝒂𝟐𝟐 ]∞   
[𝜶𝜶/𝒂𝒂,− 𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;  𝒂𝒂]∞

  

                                               = [−𝜶𝜶/𝒃𝒃𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝒂𝒂,   −𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   
[𝜶𝜶/𝒂𝒂𝒂𝒂; 𝒂𝒂]∞

2Ψ2 �−𝒂𝒂,−𝒃𝒃/𝒂𝒂;  𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃  
−𝜶𝜶/𝒃𝒃𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝒂𝒂 �    

                                               − 𝜶𝜶
𝒃𝒃𝒂𝒂

[−𝜶𝜶/𝒃𝒃,   −𝜶𝜶/𝒂𝒂,−𝟏𝟏/𝒂𝒂,−𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[ 𝜶𝜶/𝒂𝒂𝒂𝒂;  𝒂𝒂]∞

2Ψ2 �−𝒂𝒂𝒂𝒂,−𝒃𝒃/𝒂𝒂;  −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂  
−𝜶𝜶/𝒃𝒃,   −𝜶𝜶/𝒂𝒂 �  

This is our main result (3.3) 

 

Now  transforming the Ist 2Ψ2 with the help of (2.9) and IInd 2Ψ2 with the help of (2.8) in R.H.S. of 
(4.2), we get 

(4.13)    𝒛𝒛(𝟏𝟏−𝒂𝒂) (𝟏𝟏−𝒃𝒃)
(𝟏𝟏−𝒄𝒄) 2Ψ2 �𝒂𝒂𝒂𝒂,   𝒃𝒃𝒂𝒂;𝒂𝒂;𝒛𝒛  

𝒄𝒄𝒂𝒂,   𝒅𝒅; � = [𝒂𝒂𝒛𝒛,   𝒃𝒃𝒛𝒛,   𝒄𝒄𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛,     𝒅𝒅𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛 ; 𝒂𝒂]∞   
[𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝒄𝒄,𝒅𝒅;  𝒂𝒂]∞

 2Ψ2 � 𝒂𝒂𝒃𝒃𝒛𝒛/𝒄𝒄;  𝒂𝒂𝒃𝒃𝒛𝒛/𝒅𝒅;  𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛  
𝒂𝒂𝒛𝒛,   𝒃𝒃𝒛𝒛 �  

     −𝒅𝒅
𝒂𝒂

[𝒂𝒂𝒛𝒛𝒂𝒂,   𝒅𝒅/𝒂𝒂,   𝒄𝒄/𝒃𝒃,   𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛 ; 𝒂𝒂]∞   
[𝒛𝒛𝒂𝒂,   𝒅𝒅,   𝒂𝒂/𝒃𝒃;  𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂;   𝒂𝒂]∞

2Ψ2 �𝒂𝒂,   𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒅𝒅;  𝒂𝒂;  𝒅𝒅/𝒂𝒂  
𝒂𝒂𝒛𝒛𝒂𝒂,   𝒄𝒄 �  

 Taking  𝒛𝒛 = −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂, 𝒄𝒄 = 𝜶𝜶/𝒂𝒂𝒂𝒂, & 𝑑𝑑 = 𝛼𝛼/𝑎𝑎  in  (4.13) 

(4.14) (−𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂)(𝟏𝟏−𝒂𝒂)(𝟏𝟏−𝒃𝒃) 
(𝟏𝟏−𝜶𝜶/𝒂𝒂𝒂𝒂) 2Ψ2 �𝒂𝒂𝒂𝒂,   𝒃𝒃𝒂𝒂;  𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂  

𝜶𝜶/𝒂𝒂,   𝜶𝜶/𝒃𝒃; � 
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     = [−𝜶𝜶/𝒃𝒃𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝒂𝒂,   −𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   
[𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,𝜶𝜶/𝒂𝒂𝒂𝒂,   𝜶𝜶/𝒃𝒃;    𝒂𝒂]∞

2Ψ2 �−𝒂𝒂,−𝒃𝒃/𝒂𝒂;  𝒂𝒂; −𝜶𝜶/𝒂𝒂𝒃𝒃  
−𝜶𝜶/𝒃𝒃𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝒂𝒂 � 

 − 𝜶𝜶
𝒃𝒃𝒂𝒂

[−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒃𝒃,𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,−𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[−𝜶𝜶/𝒂𝒂𝒃𝒃,   𝜶𝜶/𝒃𝒃,   𝒂𝒂/𝒃𝒃 ,− 𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;    𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃;  𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃  
−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒂𝒂; �  

Now by using  (4.3)  in RHS of  (4.14) 

(4.15)      𝜶𝜶(𝟏𝟏−𝒂𝒂) 
𝒂𝒂𝒂𝒂(𝟏𝟏−𝜶𝜶/𝒂𝒂𝒂𝒂) 

 [𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;𝒂𝒂]∞  [𝜶𝜶/𝒂𝒂𝟐𝟐   𝜶𝜶/𝒃𝒃𝟐𝟐,   𝒂𝒂𝟐𝟐,   𝜶𝜶𝒂𝒂,   𝒂𝒂/𝜶𝜶; 𝒂𝒂𝟐𝟐 ]∞   
[𝜶𝜶/𝒂𝒂,   𝟏𝟏/𝒂𝒂,−𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;  𝒂𝒂]∞

  

                                            = [−𝜶𝜶/𝒃𝒃𝒂𝒂,   −𝜶𝜶/𝒂𝒂𝒂𝒂,−𝒂𝒂/𝒂𝒂,   −𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞   
[𝒂𝒂/𝒂𝒂,   𝜶𝜶/𝒂𝒂𝒂𝒂;    𝒂𝒂]∞

 2Ψ2�−𝒂𝒂,   −𝒃𝒃/𝒂𝒂;  𝒂𝒂;  − 𝜶𝜶/𝒂𝒂𝒃𝒃 
−𝜶𝜶/𝒃𝒃𝒂𝒂,− 𝜶𝜶/𝒂𝒂𝒂𝒂 �  

                                             − 𝜶𝜶
𝒃𝒃𝒂𝒂

[−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂,   −𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞   
[−𝜶𝜶/𝒂𝒂𝒃𝒃,−𝜶𝜶/𝒂𝒂𝒃𝒃𝒂𝒂;  𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃;   𝒂𝒂; 𝜶𝜶/𝒂𝒂𝒃𝒃 
−𝜶𝜶/𝒃𝒃,   𝜶𝜶/𝒂𝒂𝒂𝒂 �  

This is our main result (3.4) 

To establish main results  (3.5) to (3.12), let us consider the following suitable identity. 

(4.16)  (𝟏𝟏 − 𝒄𝒄𝒂𝒂𝒏𝒏)(𝟏𝟏 − 𝒅𝒅𝒂𝒂𝒏𝒏) = 𝟏𝟏 − (𝒄𝒄 + 𝒅𝒅)𝒂𝒂𝒏𝒏 + 𝒄𝒄𝒅𝒅𝒂𝒂𝟐𝟐𝒏𝒏          
  

Multiplying by (𝒂𝒂)𝒏𝒏+𝟏𝟏(𝒃𝒃)𝒏𝒏+𝟏𝟏
(𝒄𝒄)𝒏𝒏(𝒅𝒅)𝒏𝒏

𝒛𝒛𝒏𝒏+𝟏𝟏 on both sides of   (4.6) we get 

(𝒂𝒂)𝒏𝒏+𝟏𝟏(𝒃𝒃)𝒏𝒏+𝟏𝟏

(𝒄𝒄)𝒏𝒏(𝒅𝒅)𝒏𝒏
𝒛𝒛𝒏𝒏+𝟏𝟏 =

(𝒂𝒂)𝒏𝒏+𝟏𝟏(𝒃𝒃)𝒏𝒏+𝟏𝟏

(𝒄𝒄)𝒏𝒏+𝟏𝟏(𝒅𝒅)𝒏𝒏+𝟏𝟏
𝒛𝒛𝒏𝒏+𝟏𝟏 − �

𝒄𝒄 + 𝒅𝒅
𝒂𝒂 �

(𝒂𝒂)𝒏𝒏+𝟏𝟏(𝒃𝒃)𝒏𝒏+𝟏𝟏

(𝒄𝒄)𝒏𝒏+𝟏𝟏(𝒅𝒅)𝒏𝒏+𝟏𝟏
(𝒛𝒛𝒂𝒂)𝒏𝒏+𝟏𝟏 +

𝒄𝒄𝒅𝒅
𝒂𝒂𝟐𝟐

 
(𝒂𝒂)𝒏𝒏+𝟏𝟏(𝒃𝒃)𝒏𝒏+𝟏𝟏

(𝒄𝒄)𝒏𝒏+𝟏𝟏(𝒅𝒅)𝒏𝒏+𝟏𝟏
 (𝒛𝒛𝒂𝒂𝟐𝟐)𝒏𝒏+𝟏𝟏 

By summing the above over m from−∞𝒕𝒕𝒕𝒕 ∞ , we have  

�𝟏𝟏 −
𝒄𝒄
𝒂𝒂� �

𝟏𝟏 −
𝒅𝒅
𝒂𝒂�

�
(𝒂𝒂)𝒎𝒎(𝒃𝒃)𝒎𝒎

(𝒄𝒄/𝒂𝒂)𝒎𝒎(𝒅𝒅/𝒂𝒂)𝒎𝒎
 𝒛𝒛𝒎𝒎 = �

(𝒂𝒂)𝒎𝒎(𝒃𝒃)𝒎𝒎
(𝒄𝒄)𝒎𝒎(𝒅𝒅)𝒎𝒎

 𝒛𝒛𝒎𝒎 − �
𝒄𝒄 + 𝒅𝒅
𝒂𝒂 � �

(𝒂𝒂)𝒎𝒎(𝒃𝒃)𝒎𝒎
(𝒄𝒄)𝒎𝒎(𝒅𝒅)𝒎𝒎

∞

𝒎𝒎=−∞

∞

𝒎𝒎=−∞

∞

𝒎𝒎=−∞

(𝒛𝒛𝒂𝒂)𝒎𝒎 

                +
𝒄𝒄𝒅𝒅
𝒂𝒂𝟐𝟐

 �
(𝒂𝒂)𝒎𝒎(𝒃𝒃)𝒎𝒎(𝒛𝒛𝒂𝒂𝟐𝟐)𝒎𝒎

(𝒄𝒄)𝒎𝒎(𝒅𝒅)𝒎𝒎

∞

𝒎𝒎=−∞

 

(4.17)  (1-c/q)(1-d/q) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛 
𝒄𝒄/𝒂𝒂,   𝒅𝒅/𝒂𝒂 � =2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛 

𝒄𝒄,   𝒅𝒅 � − 𝒄𝒄+𝒅𝒅
𝒂𝒂 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛𝒂𝒂 

𝒄𝒄,   𝒅𝒅 � + 𝒄𝒄𝒅𝒅
𝒂𝒂𝟐𝟐

 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛𝒂𝒂𝟐𝟐 
𝒄𝒄,   𝒅𝒅 �    

  Now by transforming each 2Ψ2 on right side of (4.17) with the help of (2.8) 

(4.18)  (𝟏𝟏 − 𝒄𝒄/𝒂𝒂)(𝟏𝟏 − 𝒅𝒅/𝒂𝒂) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛 
𝒄𝒄/𝒂𝒂,   𝒅𝒅/𝒂𝒂 �=  [𝒂𝒂𝒛𝒛,   𝒅𝒅/𝒂𝒂,   𝒄𝒄/𝒃𝒃,𝒅𝒅𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛;𝒂𝒂]∞  

[𝒛𝒛,   𝒅𝒅,   𝒂𝒂/𝒃𝒃,   𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛;  𝒂𝒂]∞
 2Ψ2 �𝒂𝒂,   𝒂𝒂𝒃𝒃𝒛𝒛/𝒅𝒅; 𝒂𝒂;𝒅𝒅/𝒂𝒂 

𝒂𝒂𝒛𝒛       ,𝒄𝒄 � 

                                                                        −�𝒄𝒄+𝒅𝒅
𝒂𝒂
� [𝒂𝒂𝒛𝒛𝒂𝒂,   𝒅𝒅/𝒂𝒂,   𝒄𝒄/𝒃𝒃,𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛;𝒂𝒂]∞  

[𝒛𝒛𝒂𝒂,   𝒅𝒅,   𝒂𝒂/𝒃𝒃,   𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂;  𝒂𝒂]∞
 2Ψ2 �𝒂𝒂,   𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒅𝒅; 𝒂𝒂;𝒅𝒅/𝒂𝒂 

𝒂𝒂𝒛𝒛𝒂𝒂,𝒄𝒄 � 
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     + 𝒄𝒄𝒅𝒅
𝒂𝒂𝟐𝟐

 [𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐,   𝒅𝒅/𝒂𝒂,   𝒄𝒄/𝒃𝒃,   𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂 ;𝒂𝒂]∞  
[ 𝒛𝒛𝒂𝒂𝟐𝟐,   𝒅𝒅,   𝒂𝒂/𝒃𝒃,𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐;𝒂𝒂]∞

 2Ψ2 �𝒂𝒂,   𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐/𝒅𝒅; 𝒂𝒂;𝒅𝒅/𝒂𝒂 
𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐    ,𝒄𝒄 �    

Taking  𝒄𝒄 = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝒅𝒅 = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃 𝒂𝒂𝒏𝒏𝒅𝒅 𝒛𝒛 = −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃  in (4.18), we get 

(4.19)    (𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒂𝒂)(𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒃𝒃) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂; −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 
𝜶𝜶𝒂𝒂/𝒂𝒂,   𝜶𝜶𝒂𝒂/𝒃𝒃 �=  [−𝜶𝜶𝒂𝒂/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂 ]∞  

[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,   𝒂𝒂/𝒃𝒃,   −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃 ; 𝒂𝒂 ]∞
 2Ψ2 �𝒂𝒂,−𝒃𝒃/𝒂𝒂; 𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

          −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂/𝒃𝒃;  𝒂𝒂]∞  
[− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃 ,𝒂𝒂/𝒃𝒃,− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃;  𝒂𝒂]∞

2Ψ2�𝒂𝒂,−𝒃𝒃;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

+ 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  
[ − 𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,   𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

2Ψ2�𝒂𝒂,− 𝒃𝒃𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

 

 

 

By using (2.10)  in L.H.S of (4.19) .   

 (4.20)     [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝒂𝒂/𝜶𝜶−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 =[−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

2Ψ2�𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐 𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 �   

             

                                                            −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞
[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃;𝒂𝒂] 2Ψ�𝒂𝒂,− 𝒃𝒃;   𝒂𝒂; 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

                                         +𝜶𝜶
𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
  [−𝜶𝜶𝒂𝒂

𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝟏𝟏/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃𝒂𝒂; 𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,  𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

This is our main result (3.5)  

  

 Now by transforming each 2Ψ2 on right side of (4.17) with the help of (2.9) 

(4.21)   (𝟏𝟏 − 𝒄𝒄/𝒂𝒂)(𝟏𝟏 − 𝒅𝒅/𝒂𝒂) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛 
𝒄𝒄/𝒂𝒂,   𝒅𝒅/𝒂𝒂 �=  [𝒂𝒂𝒛𝒛,   𝒃𝒃𝒛𝒛,   𝒄𝒄𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛,   𝒅𝒅𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛;𝒂𝒂]∞  

   [𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,𝒄𝒄,𝒅𝒅;    𝒂𝒂]∞
 2Ψ2 �𝒂𝒂𝒃𝒃𝒛𝒛/𝒄𝒄,𝒂𝒂𝒃𝒃𝒛𝒛/𝒅𝒅;  𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛 

𝒂𝒂𝒛𝒛,               𝒃𝒃𝒛𝒛 �                                

                                     −�𝒄𝒄+𝒅𝒅
𝒂𝒂
� [𝒂𝒂𝒛𝒛𝒂𝒂,   𝒃𝒃𝒛𝒛𝒂𝒂,   𝒄𝒄/𝒂𝒂𝒃𝒃𝒛𝒛,   𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛,;𝒂𝒂]∞  

[𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝒄𝒄,   𝒅𝒅;  𝒂𝒂]∞
 2Ψ2�𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒄𝒄,   𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒅𝒅; 𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂 

𝒂𝒂𝒛𝒛𝒂𝒂,𝒃𝒃𝒛𝒛𝒂𝒂 � 

              + 𝒄𝒄𝒅𝒅
𝒂𝒂𝟐𝟐

 [𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐,   𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐,   𝒄𝒄/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂,   𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂 ;𝒂𝒂]∞  
[ 𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝒄𝒄,   𝒅𝒅;  𝒂𝒂]∞

 2Ψ2�𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂
𝟐𝟐/𝒄𝒄,𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐/𝒅𝒅;𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐

𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐    ,𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐    � 

Taking 𝒄𝒄 = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝒅𝒅 = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, 𝒂𝒂𝒏𝒏𝒅𝒅 𝒛𝒛 = −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 in (4.21), we get 

(4.22)  (𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒂𝒂)(𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒃𝒃) 2Ψ2 �𝒂𝒂,   𝒃𝒃,   𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 
𝜶𝜶𝒂𝒂/𝒂𝒂,   𝜶𝜶𝒂𝒂/𝒃𝒃 �=  [−𝜶𝜶𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒂𝒂; −𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂 ]∞  

[𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃 ; 𝒂𝒂 ]∞
 2Ψ2�–𝒂𝒂/𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂; −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂 � 
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−𝜶𝜶(𝒂𝒂+𝒃𝒃)𝒂𝒂
𝒂𝒂𝒃𝒃

[− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 ,− 𝒂𝒂/𝒂𝒂,−𝒂𝒂/𝒃𝒃; 𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂]∞

 2Ψ2�−𝒂𝒂,−𝒃𝒃;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

+ 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 ,−𝟏𝟏/𝒂𝒂,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ 𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃; 𝒂𝒂]∞
 2Ψ2 �−𝒂𝒂𝒂𝒂,− 𝒃𝒃𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 � 

By using (2.10) in L.H.S. of (4.22) 

(4.23)   [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒂𝒂,−𝜶𝜶𝒂𝒂/𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
2Ψ2 �–𝒂𝒂/𝒂𝒂,   −𝒃𝒃/𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟑𝟑/ 𝒂𝒂𝒃𝒃 

− 𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂 � 

                                                 −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂, −𝒂𝒂/𝒂𝒂, −𝒂𝒂/𝒃𝒃;𝒂𝒂]∞2Ψ2 �−𝒂𝒂,−𝒃𝒃;𝒂𝒂; −𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, −𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

                                                + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂,−𝟏𝟏/𝒂𝒂,−𝟏𝟏/𝒃𝒃;𝒂𝒂]∞2Ψ2 �−𝒂𝒂𝒂𝒂,− 𝒃𝒃𝒂𝒂;   𝒂𝒂; −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 � 

This is our main result (3.6). 

 

Now by transforming 1st & IInd  2Ψ2 with the help of (2.8) and  IIIrd 2Ψ2 with the help of (2.9), in right side of 
(4.17), we get 

(4.24)  (𝟏𝟏 − 𝒄𝒄/𝒂𝒂)(𝟏𝟏 − 𝒅𝒅/𝒂𝒂) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛 
𝒄𝒄/𝒂𝒂,   𝒅𝒅/𝒂𝒂 �=  [𝒂𝒂𝒛𝒛,   𝒅𝒅/𝒂𝒂,   𝒄𝒄/𝒃𝒃,   𝒅𝒅𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛;𝒂𝒂]∞  

   [𝒛𝒛,   𝒅𝒅,   𝒂𝒂/𝒃𝒃,   𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛; 𝒂𝒂]∞
 2Ψ2 �𝒂𝒂,   𝒂𝒂𝒃𝒃𝒛𝒛/𝒅𝒅;  𝒂𝒂;𝒅𝒅/𝒂𝒂 

𝒂𝒂𝒛𝒛,               𝒄𝒄 �     

                                                                       − 𝒄𝒄+𝒅𝒅
𝒂𝒂

[𝒂𝒂𝒛𝒛𝒂𝒂,   𝒅𝒅/𝒂𝒂,   𝒄𝒄/𝒃𝒃,   𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛  ;𝒂𝒂]∞  
[𝒛𝒛𝒂𝒂,   𝒅𝒅,   𝒂𝒂/𝒃𝒃,   𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂;  𝒂𝒂]∞

2Ψ2 �𝒂𝒂,𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒅𝒅; 𝒂𝒂;𝒅𝒅/𝒂𝒂 
𝒂𝒂𝒛𝒛𝒂𝒂,    𝒄𝒄 � 

      + 𝒄𝒄𝒅𝒅
𝒂𝒂𝟐𝟐

 [𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐,   𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐,𝒄𝒄/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂,𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂;𝒂𝒂]∞  
[ 𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝒄𝒄,   𝒅𝒅;  𝒂𝒂]∞

 2Ψ2 �𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂
𝟐𝟐/𝒄𝒄,   𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐/𝒅𝒅; 𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐 

𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐    ,𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐    �  

  

Taking 𝒄𝒄 = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝒅𝒅 =   𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, 𝒂𝒂𝒏𝒏𝒅𝒅 𝒛𝒛 = −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 in (4.24)] 

(4.25)  (𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒂𝒂)(𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒃𝒃) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 
𝜶𝜶𝒂𝒂/𝒂𝒂,   𝜶𝜶𝒂𝒂/𝒃𝒃 �=  [−𝜶𝜶𝒂𝒂/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂 ]∞  

[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,   𝒂𝒂/𝒃𝒃,   −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃 ; 𝒂𝒂 ]∞
 2Ψ2 �𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂; 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

     −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂/𝒃𝒃; 𝒂𝒂]∞  
[− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃 ,𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

 2Ψ2 �𝒂𝒂,−𝒃𝒃;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

        + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 ,−𝟏𝟏/𝒂𝒂,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ 𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃; 𝒂𝒂]∞
 2Ψ2 �−𝒂𝒂𝒂𝒂,− 𝒃𝒃𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 �  

By using (2.10) in L.H.S. of  (4.25)  

(4.26)  [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/ 𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

−𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃 2Ψ2

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝜶𝜶 𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 2Ψ2 � 𝒂𝒂,−𝒃𝒃;𝒂𝒂; 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 
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+ 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 ,−𝟏𝟏/𝒂𝒂,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ 𝒂𝒂/𝒂𝒂,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂; 𝒂𝒂]∞
2Ψ2 �−𝒂𝒂𝒂𝒂,− 𝒃𝒃𝒂𝒂;   𝒂𝒂; −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 � 

This is our main result (3.7) 

 

Now by transforming 1st 2Ψ2 with the help of (2.9) and IInd & IIIrd  2Ψ2 with the help of (2.8), in right side 
of (4.17), we get  

(4.27)  (𝟏𝟏 − 𝒄𝒄/𝒂𝒂)(𝟏𝟏 − 𝒅𝒅/𝒂𝒂) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛 
𝒄𝒄/𝒂𝒂,   𝒅𝒅/𝒂𝒂 �=  [𝒂𝒂𝒛𝒛,𝒃𝒃𝒛𝒛,𝒄𝒄𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛,𝒅𝒅𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛; 𝒂𝒂]∞  

 [𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,𝒄𝒄,𝒅𝒅;𝒂𝒂]∞
 2Ψ2 �𝒂𝒂𝒃𝒃𝒛𝒛/𝒄𝒄;  𝒂𝒂𝒃𝒃𝒛𝒛/𝒅𝒅;𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛 

𝒂𝒂𝒛𝒛,               𝒃𝒃𝒛𝒛 �  

          − 𝒄𝒄+𝒅𝒅
𝒂𝒂

[𝒂𝒂𝒛𝒛𝒂𝒂,   𝒅𝒅/𝒂𝒂,   𝒄𝒄/𝒃𝒃,   𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛  ;𝒂𝒂]∞  
[𝒛𝒛𝒂𝒂,   𝒅𝒅,   𝒂𝒂/𝒃𝒃,   𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂;  𝒂𝒂]∞

2Ψ2 �𝒂𝒂,𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒅𝒅; 𝒂𝒂;𝒅𝒅/𝒂𝒂 
𝒂𝒂𝒛𝒛𝒂𝒂,    𝒄𝒄 � 

         + 𝒄𝒄𝒅𝒅
𝒂𝒂𝟐𝟐

 [𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐,   𝒅𝒅/𝒂𝒂,   𝒄𝒄/𝒃𝒃,𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂; 𝒂𝒂]∞  
[𝒛𝒛 𝒂𝒂𝟐𝟐,   𝒅𝒅,   𝒂𝒂/𝒃𝒃,   𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐 ; 𝒂𝒂]∞

 2Ψ2 �𝒂𝒂,𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐/𝒅𝒅;   𝒂𝒂;𝒅𝒅/𝒂𝒂
𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐    ,𝒄𝒄 �    

Taking 𝒄𝒄 = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝒅𝒅 = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, 𝒂𝒂𝒏𝒏𝒅𝒅 𝒛𝒛 = −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 , in (4.27) we get 

(4.28)  (𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒂𝒂)(𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒃𝒃) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 
𝜶𝜶𝒂𝒂/𝒂𝒂,   𝜶𝜶𝒂𝒂/𝒃𝒃 �=  [−𝜶𝜶𝒂𝒂/𝒃𝒃,   −𝜶𝜶𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂 ]∞  

[𝒂𝒂/𝒂𝒂,𝒂𝒂/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃 ; 𝒂𝒂 ]∞
 2Ψ2 �−𝒂𝒂/𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂; −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂 � 

      −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃 ,𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

 2Ψ2 �𝒂𝒂,−𝒃𝒃;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

    + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ − 𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝒂𝒂/𝒃𝒃,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞
 2Ψ2 �𝒂𝒂,−𝒃𝒃𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 

− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

By using (2.10) in L.H.S. of (4.28), we get 

(4.29)  [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂; 𝒂𝒂]∞

2Ψ2 �–𝒂𝒂/𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟑𝟑/ 𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂 � 

−𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃;−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝜶𝜶 𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 2Ψ2 � 𝒂𝒂,−𝒃𝒃;𝒂𝒂; 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

+ 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞
2Ψ2 �𝒂𝒂,− 𝒃𝒃𝒂𝒂;   𝒂𝒂; 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 �  

This is our main result (3.8) 

 

Now by transforming 1st & IIIrd 2Ψ2 with the help of (2.8) and  IInd 2Ψ2 with the help of  

(2.9 ), in right side of (4.17), we get 

(4.30)  (𝟏𝟏 − 𝒄𝒄/𝒂𝒂)(𝟏𝟏 − 𝒅𝒅/𝒂𝒂) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛 
𝒄𝒄/𝒂𝒂,   𝒅𝒅/𝒂𝒂 �=  [𝒂𝒂𝒛𝒛,𝒅𝒅/𝒂𝒂,𝒄𝒄/𝒃𝒃,𝒅𝒅𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛; 𝒂𝒂]∞  

[𝒛𝒛,𝒅𝒅,𝒂𝒂/𝒃𝒃,   𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛; 𝒂𝒂]∞
 2Ψ2 �𝒂𝒂,𝒂𝒂𝒃𝒃𝒛𝒛/𝒅𝒅;  𝒂𝒂;𝒅𝒅/𝒂𝒂 

𝒂𝒂𝒛𝒛,               𝒄𝒄 �  
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          − 𝒄𝒄+𝒅𝒅
𝒂𝒂

[𝒂𝒂𝒛𝒛𝒂𝒂,   𝒃𝒃𝒛𝒛𝒂𝒂,   𝒄𝒄/𝒂𝒂𝒃𝒃𝒛𝒛,   𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛 ;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,    𝒂𝒂/𝒃𝒃,   𝒄𝒄,   𝒅𝒅;  𝒂𝒂]∞

2Ψ2 �𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒄𝒄; 𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒅𝒅;𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂 
𝒂𝒂𝒛𝒛𝒂𝒂,    𝒃𝒃𝒛𝒛𝒂𝒂 � 

          + 𝒄𝒄𝒅𝒅
𝒂𝒂𝟐𝟐

 [𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐,   𝒅𝒅/𝒂𝒂,   𝒄𝒄/𝒃𝒃,𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂; 𝒂𝒂]∞  
[𝒛𝒛 𝒂𝒂𝟐𝟐,   𝒅𝒅,   𝒂𝒂/𝒃𝒃,   𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐 ; 𝒂𝒂]∞

 2Ψ2 �𝒂𝒂,𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐/𝒅𝒅;   𝒂𝒂;𝒅𝒅/𝒂𝒂
𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐    ,𝒄𝒄 �    

Taking c = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝒅𝒅 = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, &  𝑧𝑧 = −𝛼𝛼𝛼𝛼/𝑎𝑎𝑎𝑎 , in (4.30) 

(4.31)  (𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒂𝒂)(𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒃𝒃) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 
𝜶𝜶𝒂𝒂/𝒂𝒂,   𝜶𝜶𝒂𝒂/𝒃𝒃 �=  [−𝜶𝜶𝒂𝒂/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂 ]∞  

[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,   𝒂𝒂/𝒃𝒃,−  𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃 ; 𝒂𝒂 ]∞
 2Ψ2 �𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

      −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 ,−𝒂𝒂/𝒂𝒂,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[ 𝒂𝒂/𝒂𝒂,𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃; 𝒂𝒂]∞

 2Ψ2 �−𝒂𝒂,−𝒃𝒃;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

   + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ − 𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝒂𝒂/𝒃𝒃,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞
 2Ψ2 �𝒂𝒂,−𝒃𝒃𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 

− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 �  

By using (2.10) in L.H.S. of (4.31), we get 

(4.32)  [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/ 𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

  −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   −𝒂𝒂/𝒂𝒂,   −𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝜶𝜶 𝒂𝒂𝟐𝟐/𝒂𝒂;𝒂𝒂]∞

 2Ψ2 �−𝒂𝒂,−𝒃𝒃; 𝒂𝒂;−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

  + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞
2Ψ2 �𝒂𝒂,− 𝒃𝒃𝒂𝒂𝟐𝟐;   𝒂𝒂; 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 �   

This is our main result (3.9) 

 

Now by transforming 1st & IIIrd 2Ψ2with the help of (2.9) and  IInd 2Ψ2 with the help of (2.8), in right side 
of (4.17), we get 

(4.33)  (𝟏𝟏 − 𝒄𝒄/𝒂𝒂)(𝟏𝟏 − 𝒅𝒅/𝒂𝒂) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛 
𝒄𝒄/𝒂𝒂,   𝒅𝒅/𝒂𝒂 �=  [𝒂𝒂𝒛𝒛,𝒃𝒃𝒛𝒛,𝒄𝒄𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛,𝒅𝒅𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛; 𝒂𝒂]∞  

[ 𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃; 𝒄𝒄,𝒅𝒅;𝒂𝒂]∞
 2Ψ2 �𝒂𝒂𝒃𝒃𝒛𝒛/𝒄𝒄,𝒂𝒂𝒃𝒃𝒛𝒛/𝒅𝒅;  𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛 

𝒂𝒂𝒛𝒛,               𝒃𝒃𝒛𝒛 �  

          − 𝒄𝒄+𝒅𝒅
𝒂𝒂

[𝒂𝒂𝒛𝒛𝒂𝒂,   𝒅𝒅/𝒂𝒂,   𝒄𝒄/𝒃𝒃,𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛 ;𝒂𝒂]∞  
[𝒛𝒛𝒂𝒂,𝒅𝒅,    𝒂𝒂/𝒃𝒃,   𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂;  𝒂𝒂]∞

2Ψ2 �𝒂𝒂,𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒅𝒅; 𝒂𝒂;𝒅𝒅/𝒂𝒂 
𝒂𝒂𝒛𝒛𝒂𝒂,    𝒄𝒄 � 

         + 𝒄𝒄𝒅𝒅
𝒂𝒂𝟐𝟐

 [𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐,   𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐,   𝒄𝒄/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂,   𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂; 𝒂𝒂]∞  
[ 𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,𝒄𝒄,𝒅𝒅 ; 𝒂𝒂]∞

 2Ψ2 �𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂
𝟐𝟐/𝒄𝒄;𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐/𝒅𝒅;   𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐

𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐    ,𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐 �  

Taking 𝒄𝒄 = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝒅𝒅 = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, &  𝑧𝑧 = −𝛼𝛼𝛼𝛼/𝑎𝑎𝑎𝑎 ,we get 

(4.34)  (𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒂𝒂)(𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒃𝒃) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 
𝜶𝜶𝒂𝒂/𝒂𝒂,   𝜶𝜶𝒂𝒂/𝒃𝒃 �=  [−𝜶𝜶𝒂𝒂/𝒃𝒃,   −𝜶𝜶𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂 ]∞  

[𝒂𝒂/𝒂𝒂,𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃; 𝒂𝒂 ]∞
 2Ψ2 �–𝒂𝒂/𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂 � 

         −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[ −𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

 2Ψ2�𝒂𝒂,−𝒃𝒃;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 
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𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 ,−𝟏𝟏/𝒂𝒂,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ 𝒂𝒂/𝒂𝒂,𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃; 𝒂𝒂]∞
 2Ψ2 �−𝒂𝒂𝒂𝒂,−𝒃𝒃𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 � 

By using (2.10) in L.H.S. of (4.34), we get 

(4.35)    [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂; 𝒂𝒂]∞

2Ψ2 �–𝒂𝒂/𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟑𝟑/ 𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂 � 

   −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝜶𝜶 𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 2Ψ2 �𝒂𝒂,−𝒃𝒃; 𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

                                                                       + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 ,−𝟏𝟏/𝒂𝒂,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ 𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂; 𝒂𝒂]∞
2Ψ2 �−𝒂𝒂𝒂𝒂,− 𝒃𝒃𝒂𝒂;   𝒂𝒂; −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,   −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 �   

This is the main result (3.10) 

 

 

Now by transforming the Ist & IInd 2Ψ2 with the help of (2.9) and IIIrd  2Ψ2 with the help of (2.8), in right 
side of (4.17) we get  

(4.36)   (𝟏𝟏 − 𝒄𝒄/𝒂𝒂)(𝟏𝟏 − 𝒅𝒅/𝒂𝒂) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛 
𝒄𝒄/𝒂𝒂,   𝒅𝒅/𝒂𝒂 �=  [𝒂𝒂𝒛𝒛,𝒃𝒃𝒛𝒛,𝒄𝒄𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛,𝒅𝒅𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛; 𝒂𝒂]∞  

[ 𝒂𝒂/𝒂𝒂,   𝒂𝒂/𝒃𝒃,𝒄𝒄,𝒅𝒅;𝒂𝒂]∞
 2Ψ2 �𝒂𝒂𝒃𝒃𝒛𝒛/𝒄𝒄,𝒂𝒂𝒃𝒃𝒛𝒛/𝒅𝒅;  𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛 

𝒂𝒂𝒛𝒛,               𝒃𝒃𝒛𝒛 �  

             − 𝒄𝒄+𝒅𝒅
𝒂𝒂

[𝒂𝒂𝒛𝒛𝒂𝒂,𝒃𝒃𝒛𝒛𝒂𝒂,   𝒄𝒄/𝒂𝒂𝒃𝒃𝒛𝒛,   𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛 ;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝒂𝒂/𝒃𝒃,   𝒄𝒄,𝒅𝒅;𝒂𝒂]∞

2Ψ2 �𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒄𝒄,𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒅𝒅;𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂 
𝒂𝒂𝒛𝒛𝒂𝒂,    𝒃𝒃𝒛𝒛𝒂𝒂 � 

             + 𝒄𝒄𝒅𝒅
𝒂𝒂𝟐𝟐

 [𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐,   𝒅𝒅/𝒂𝒂,𝒄𝒄/𝒃𝒃,𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂; 𝒂𝒂]∞  
[ 𝒛𝒛𝒂𝒂𝟐𝟐,𝒅𝒅,   𝒂𝒂/𝒃𝒃,𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐 ; 𝒂𝒂]∞

 2Ψ2 �𝒂𝒂,𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐/𝒅𝒅;   𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐

𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐 ,        𝒄𝒄 �  

Taking c = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝒅𝒅 = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, &  𝑧𝑧 = −𝛼𝛼𝛼𝛼/𝑎𝑎𝑎𝑎 , in (4.36), we get 

(4.37)   (𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒂𝒂)(𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒃𝒃) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 
𝜶𝜶𝒂𝒂/𝒂𝒂,   𝜶𝜶𝒂𝒂/𝒃𝒃 �=  [−𝜶𝜶𝒂𝒂/𝒃𝒃,   −𝜶𝜶𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂 ]∞  

[𝒂𝒂/𝒂𝒂,𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃; 𝒂𝒂 ]∞
 2Ψ2 �–𝒂𝒂/𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂 � 

        −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 ,−𝒂𝒂/𝒂𝒂,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[ 𝒂𝒂/𝒂𝒂,𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃; 𝒂𝒂]∞

 2Ψ2 �−𝒂𝒂,−𝒃𝒃;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

                                                                     + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞
 2Ψ2 �𝒂𝒂,−𝒃𝒃𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂�   

By using (2.10) in L.H.S. of (4.37), we get 

(4.38)   [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,   𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂; 𝒂𝒂]∞

2Ψ2 �–𝒂𝒂/𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟑𝟑/ 𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂 � 

   −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂/𝒂𝒂,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂;𝒂𝒂]∞

 2Ψ2 �−𝒂𝒂,−𝒃𝒃; 𝒂𝒂;−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 
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                                                                       + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 ,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞
2Ψ2 �𝒂𝒂,−𝒃𝒃𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂�  

This is our main result (3.11) 

 

Now by transforming Ist  2Ψ2 with the help of (2.8) and  IInd & IIIrd 2Ψ2 with the help of (2.9),  in right side 
of (4.17), we get 

(4.39)   (𝟏𝟏 − 𝒄𝒄/𝒂𝒂)(𝟏𝟏 − 𝒅𝒅/𝒂𝒂) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;  𝒛𝒛 
𝒄𝒄/𝒂𝒂,   𝒅𝒅/𝒂𝒂 �=  [𝒂𝒂𝒛𝒛,𝒅𝒅/𝒂𝒂,𝒄𝒄/𝒃𝒃,𝒅𝒅𝒂𝒂/𝒂𝒂𝒃𝒃𝒛𝒛; 𝒂𝒂]∞  

[ 𝒛𝒛,𝒅𝒅,   𝒂𝒂/𝒃𝒃,𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛;𝒂𝒂]∞
 2Ψ2 �𝒂𝒂,𝒂𝒂𝒃𝒃𝒛𝒛/𝒅𝒅;𝒂𝒂;𝒅𝒅/𝒂𝒂 

𝒂𝒂𝒛𝒛,               𝒄𝒄 �  

           − 𝒄𝒄+𝒅𝒅
𝒂𝒂

[𝒂𝒂𝒛𝒛𝒂𝒂,𝒃𝒃𝒛𝒛𝒂𝒂,   𝒄𝒄/𝒂𝒂𝒃𝒃𝒛𝒛,   𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛 ;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝒂𝒂/𝒃𝒃,   𝒄𝒄,𝒅𝒅;𝒂𝒂]∞

2Ψ2 �𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒄𝒄,𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂/𝒅𝒅;𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂 
𝒂𝒂𝒛𝒛𝒂𝒂,    𝒃𝒃𝒛𝒛𝒂𝒂 � 

         + 𝒄𝒄𝒅𝒅
𝒂𝒂𝟐𝟐

 [𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐,𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐 ,𝒄𝒄/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂,𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂; 𝒂𝒂]∞  
[ 𝒂𝒂/𝒂𝒂,𝒂𝒂/𝒃𝒃,𝒄𝒄,𝒅𝒅;𝒂𝒂]∞

 2Ψ2 �𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂
𝟐𝟐/𝒄𝒄,𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐/𝒅𝒅;   𝒂𝒂;𝒄𝒄𝒅𝒅/𝒂𝒂𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐

𝒂𝒂𝒛𝒛𝒂𝒂𝟐𝟐    ,𝒃𝒃𝒛𝒛𝒂𝒂𝟐𝟐 � 

    

Taking c = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝒅𝒅 = 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃, &  𝑧𝑧 = −𝛼𝛼𝛼𝛼/𝑎𝑎𝑎𝑎 , in (4.39) 

(4.40)   (𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒂𝒂)(𝟏𝟏 − 𝜶𝜶𝒂𝒂/𝒃𝒃) 2Ψ2 �𝒂𝒂,   𝒃𝒃;   𝒂𝒂;   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 
𝜶𝜶𝒂𝒂/𝒂𝒂,   𝜶𝜶𝒂𝒂/𝒃𝒃 �=  [−𝜶𝜶𝒂𝒂/𝒃𝒃,   𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;  𝒂𝒂 ]∞  

[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,𝒂𝒂/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃; 𝒂𝒂 ]∞
 2Ψ2�𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

    −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

 [− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 ,−𝒂𝒂/𝒂𝒂,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[ 𝒂𝒂/𝒂𝒂,𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃; 𝒂𝒂]∞

 2Ψ2�−𝒂𝒂,−𝒃𝒃;𝒂𝒂;−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

    + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 ,−𝟏𝟏/𝒂𝒂,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ 𝒂𝒂/𝒂𝒂,𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃; 𝒂𝒂]∞
 2Ψ2 �−𝒂𝒂𝒂𝒂,−𝒃𝒃𝒂𝒂;𝒂𝒂;−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 �

    

By using (2.10) in L.H.S. of (4.40), we get 

(4.41) [𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞ [𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃𝟐𝟐,𝒂𝒂𝟐𝟐,𝜶𝜶𝒂𝒂,𝒂𝒂/𝜶𝜶;𝒂𝒂𝟐𝟐]∞  
[𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,   𝒂𝒂/𝒂𝒂,   −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃;𝒂𝒂]∞

 = [−𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃,−𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞  
[−𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂𝒃𝒃; 𝒂𝒂]∞

2Ψ2 �𝒂𝒂,−𝒃𝒃/𝒂𝒂;𝒂𝒂;𝜶𝜶𝒂𝒂𝟐𝟐/ 𝒂𝒂𝒃𝒃 
− 𝜶𝜶𝒂𝒂/𝒃𝒃,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂 � 

  −𝜶𝜶𝒂𝒂(𝒂𝒂+𝒃𝒃)
𝒂𝒂𝒃𝒃

[−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,−𝒂𝒂/𝒂𝒂,−𝒂𝒂/𝒃𝒃;𝒂𝒂]∞  
[𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃;𝒂𝒂]∞

 2Ψ2 �−𝒂𝒂,−𝒃𝒃; 𝒂𝒂;−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂𝒃𝒃 
−𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂   � 

                                                        + 𝜶𝜶𝟐𝟐𝒂𝒂𝟐𝟐

𝒂𝒂𝒃𝒃
 [− 𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,−𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 ,−𝟏𝟏/𝒂𝒂,−𝟏𝟏/𝒃𝒃; 𝒂𝒂]∞  

[ 𝒂𝒂/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒂𝒂,𝜶𝜶𝒂𝒂𝟐𝟐/𝒃𝒃; 𝒂𝒂]∞
2Ψ2 �−𝒂𝒂𝒂𝒂,− 𝒃𝒃𝒂𝒂;   𝒂𝒂; −𝜶𝜶𝒂𝒂/𝒂𝒂𝒃𝒃 

−𝜶𝜶𝒂𝒂𝟑𝟑/𝒃𝒃,   −𝜶𝜶𝒂𝒂𝟑𝟑/𝒂𝒂 �   

This is our main result (3.12). 

  

IJSER

http://www.ijser.org/


International Journal of Scientific & Engineering Research Volume 8, Issue 9, September-2017                                                                      1612 
ISSN 2229-5518  

IJSER © 2017 
http://www.ijser.org 

References 

1. Bindu Prakash Mishra [1] : On Certain transformation formulae involving Basic 
Hypergeometric Function J. of Ramanujan Society of Math. and Math. Sc. 
Vol. 2, No.2 (2014), pp. 09-16 

2. Gasper, G. and Rahaman, M.: Basic hypergeometric series, Cambridge University Press (1991). 
3. L. J. Rogers, second memoir on the Expansion of Certain infinite Products, Proc. London math. 

Soc., Sect 1,25 (1894) 318-343. 

IJSER

http://www.ijser.org/



